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Lp-L2 FOURIER RESTRICTION FOR HYPERSURFACES IN R3 :
PART I
ISROIL A. IKROMOV AND DETLEF MU¨LLER
Abstract. This is the first of two articles, in which we prove a sharp Lp-L2 Fourier
restriction theorem for a large class of smooth, finite type hypersurfaces in R3, which
includes in particular all real-analytic hypersurfaces.
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1. Introduction
Let S be a smooth, finite type hypersurface in R3 with Riemannian surface measure
dσ, and consider the compactly supported measure dµ := ρdσ on S, where 0 ≤ ρ ∈
C∞0 (S). The goal of this article is to determine the sharp range of exponents p for which
a Fourier restriction estimate
(1.1)
(∫
S
|f̂ |2 dµ
)1/2
≤ Cp‖f‖Lp(R3), f ∈ S(R3),
holds true. To this end, we may localize to a sufficiently small neighborhoods of a given
point x0 on S. Observe also that if estimate (1.1) holds for the hypersurface S, then it
is valid also for every affine-linear image of S, possibly with a different constant if the
Jacobian of this map is not one. By applying a suitable Euclidean motion of R3 we
may then assume that x0 = (0, 0, 0), and that S is the graph
S = {(x1, x2, φ(x1, x2)) : (x1, x2) ∈ Ω},
of a smooth function φ defined on a sufficiently small neighborhood Ω of the origin,
such that φ(0, 0) = 0, ∇φ(0, 0) = 0.
In our preceding article [18], this problem had been solved, in terms of Newton
diagrams associated to φ, under the assumption that there exists a linear coordinate
system which is adapted to the function φ, in the sense of Varchenko. More precisely,
if denote by h(φ) the height of φ, in the sense of Varchenko, then we had proved the
following result:
Theorem 1.1. Assume that, after applying a suitable linear change of coordinates, the
coordinates (x1, x2) are adapted to φ. We then define the critical exponent pc by
(1.2) p′c := 2h(φ) + 2,
where p′ denotes the exponent conjugate to p, i.e., 1/p+ 1/p′ = 1.
Then there exists a neighborhood U ⊂ S of the point x0 such that for every non-
negative density ρ ∈ C∞0 (U) the Fourier restriction estimate (1.1) holds true for every
p such that
(1.3) 1 ≤ p ≤ pc.
Moreover, if ρ(x0) 6= 0, then the condition (1.3) on p is also necessary for the validity
of (1.1).
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Earlier results for particular classes of hypersurfaces in R3 are for instance in the
work by E. Ferreyra and M. Urciuolo [10], [11] and [12], who studied particular classes
of quasi-homogeneous hypersuraces, for which they were able to prove Lp-Lq- restric-
tion estimates when p < 4/3, which in some cases are sharp, except possibly for the
endpoint, and Lp-L2 restriction estimates for general analytic hypersurfaces in A. Mag-
yar’s article [20]. For particular classes of hypersurfaces given as graphs of functions
in adapted coordinates, his results were sharp, with the exception of the endpoint.
In view of Theorem 1.1, we shall from now on always make the following
Assumption 1.2. There is no linear coordinate system which is adapted to φ.
1.1. Basic notions, and the case of analytic hypersurfaces. In order to formulate
our main result, we need more notation. We shall build on the results and technics
developed in [16] and [17], which will be our main references, also for references to earlier
and related work. Let us first recall some basic notions from [16], which essentially go
back to Arnol’d (cf. [2], [3]) and his school, most notably Varchenko [30].
If φ is given as before, consider the associated Taylor series
φ(x1, x2) ∼
∞∑
α1,α2=0
cα1,α2x
α1
1 x
α2
2
of φ centered at the origin. The set
T (φ) := {(α1, α2) ∈ N2 : cα1,α2 =
1
α1!α2!
∂α11 ∂
α2
2 φ(0, 0) 6= 0}
will be called the Taylor support of φ at (0, 0). We shall always assume that
T (φ) 6= ∅,
i.e., that the function φ is of finite type at the origin. The Newton polyhedron N (φ)
of φ at the origin is defined to be the convex hull of the union of all the quadrants
(α1, α2) + R2+ in R
2, with (α1, α2) ∈ T (φ). The associated Newton diagram Nd(φ) in
the sense of Varchenko [30] is the union of all compact faces of the Newton polyhedron;
here, by a face, we shall mean an edge or a vertex.
We shall use coordinates (t1, t2) for points in the plane containing the Newton poly-
hedron, in order to distinguish this plane from the (x1, x2) - plane.
The Newton distance, or shorter distance d = d(φ) between the Newton polyhedron
and the origin in the sense of Varchenko is given by the coordinate d of the point (d, d)
at which the bi-sectrix t1 = t2 intersects the boundary of the Newton polyhedron.
The principal face π(φ) of the Newton polyhedron of φ is the face of minimal dimen-
sion containing the point (d, d). Deviating from the notation in [30], we shall call the
series
φpr (x1, x2) :=
∑
(α1,α2)∈π(φ)
cα1,α2x
α1
1 x
α2
2
the principal part of φ. In case that π(φ) is compact, φpr is a mixed homogeneous
polynomial; otherwise, we shall consider φpr as a formal power series.
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Note that the distance between the Newton polyhedron and the origin depends on
the chosen local coordinate system in which φ is expressed. By a local coordinate system
at the origin we shall mean a smooth coordinate system defined near the origin which
preserves 0. The height of the smooth function φ is defined by
h(φ) := sup{dy},
where the supremum is taken over all local coordinate systems y = (y1, y2) at the
origin, and where dy is the distance between the Newton polyhedron and the origin in
the coordinates y.
A given coordinate system x is said to be adapted to φ if h(φ) = dx.
In [16] we proved that one can always find an adapted local coordinate system in two
dimensions, thus generalizing the fundamental work by Varchenko [30] who worked in
the setting of real-analytic functions φ (see also [22]).
Recall also that if the principal face of the Newton polyhedron N (φ) is a compact
edge, then it lies on a unique “principal line”
L := {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1},
with κ1, κ2 > 0. By permuting the coordinates x1 and x2, if necessary, we shall always
assume that κ1 ≤ κ2. The weight κ = (κ1, κ2) will be called the principal weight
associated to φ. It induces dilations δr(x1, x2) := (r
κ1x1, r
κ2x2), r > 0, on R2, so that
the principal part φpr of φ is κ- homogeneous of degree one with respect to these
dilations, i.e., φpr (δr(x1, x2)) = rφpr (x1, x2) for every r > 0, and
(1.4) d =
1
κ1 + κ2
=
1
|κ| .
More generally, if κ = (κ1, κ2) is any weight with 0 < κ1 ≤ κ2 such that the line
Lκ := {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1} is a supporting line to the Newton polyhedron
N (φ) of φ, then the κ-principal part of φ
φκ(x1, x2) :=
∑
(α1,α2)∈Lκ
cα1,α2x
α1
1 x
α2
2
is a non-trivial polynomial which is κ-homogeneous of degree 1 with respect to the
dilations associated to this weight as before. By definition, we then have
φ(x1, x2) = φκ(x1, x2) + terms of higher κ-degree
Adaptedness of a given coordinate system can be verified by means of the following
criterion (see [16]): Denote by
m(φpr ) := ord S1φpr
the maximal order of vanishing of φpr along the unit circle S
1 centered at the origin.
The homogeneous distance of a κ-homogeneous polynomial P (such as P = φpr ) is
given by dh(P ) := 1/(κ1 + κ2) = 1/|κ|. Notice that (dh(P ), dh(P )) is just the point of
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intersection of the line given by κ1t1 + κ2t2 = 1 with the bi-sectrix t1 = t2. The height
of P can the be computed by means of the formula
(1.5) h(P ) = max{m(P ), dh(P )}.
According to [16], Corollary 4.3 and Corollary 2.3, the coordinates x are adapted to
φ if and only if one of the following conditions is satisfied:
(a) The principal face π(φ) of the Newton polyhedron is a compact edge, andm(φpr ) ≤
d(φ).
(b) π(φ) is a vertex.
(c) π(φ) is an unbounded edge.
We like to mention that in case (a) we have h(φ) = h(φpr ) = dh(φpr ). Notice also
that (a) applies whenever π(φ) is a compact edge and κ2/κ1 /∈ N; in this case we even
have m(φpr ) < d(φ) (cf. [16], Corollary 2.3).
In the case where the coordinates (x1, x2) are not adapted to φ, we see that the
principal face π(φ) is a compact edge lying on a unique line
L = {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1},
and that m := κ2/κ1 ∈ N. Now, if κ2/κ1 = 1, then a linear change of coordinates of
the form y1 = x1, y2 = x2 − b1x1 will transform φ into a function φ˜ for which, by our
assumption, the coordinates (y1, y2) are still not adapted (cf. [16]). Replacing φ by φ˜,
it is also immediate that estimate (1.1) will hold for the graph of φ if and only if it
holds for the graph of φ˜. Replacing φ by φ˜, we may and shall therefore always assume
that our original coordinate system (x1, x2) is chosen so that
(1.6) m = κ2/κ1 ∈ N and m ≥ 2.
Such a linear coordinate system will be called linearly adapted to φ (see Section 3 for
a more comprehensive discussion of this notion).
Then, by Theorem 5.1 in [16], there exists a smooth real-valued function ψ (which
we may choose as the so-called principal root jet of φ) of the form
(1.7) ψ(x1) = cx
m
1 +O(x
m+1
1 )
with c 6= 0 defined on a neighborhood of the origin such that an adapted coordinate
system (y1, y2) for φ is given locally near the origin by means of the (in general non-
linear) shear
(1.8) y1 := x1, y2 := x2 − ψ(x1).
In these coordinates, φ is given by
(1.9) φa(y) := φ(y1, y2 + ψ(y1)).
We remark that such an adapted coordinate system can be constructed by means of
an algorithm which goes back Varchenko [30] in the case of real-analytic φ (see [16]).
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γn γn+1
(A0, B0)
(A1, B1)
(A2, B2)
N (φa)
γ1
(An, Bn)
γ2
1/κ22
1/κ21
Figure 1. Edges and weights
Let us then denote the vertices of the Newton polyhedron N (φa) by (Al, Bl), l =
0, . . . , n, where we assume that they are ordered so that Al−1 < Al, l = 1, . . . , n,
with associated compact edges given by the intervals γl := [(Al−1, Bl−1), (Al, Bl)], l =
1, . . . , n. The unbounded horizontal edge with left endpoint (An, Bn) will be denoted
by γn+1. To each of these edges γl, we associate the weight κ
l = (κl1, κ
l
2), so that γl is
contained in the line
Ll := {(t1, t2) ∈ R2 : κl1t1 + κl2t2 = 1}.
For l = n + 1, we have κn+11 := 0, κ
n+1
2 = 1/Bn. We denote by
al :=
κl2
κl1
, l = 1, . . . , n
the reciprocal of the slope of the line Ll. For l = n + 1, we formally set an+1 :=∞.
If l ≤ n, the κl-principal part φκl of φ corresponding to the supporting line Ll is of
the form
(1.10) φκl(x) = cl x
Al−1
1 x
Bl
2
∏
α
(
x2 − cαl xal1
)Nα
(cf. [17]). In view of this identity, we shall say that the edge γl := [(Al−1, Bl−1), (Al, Bl)]
is associated to the cluster of roots [l].
Consider the line parallel to the bi-sectrix
∆(m) := {(t, t+m+ 1) : t ∈ R}.
For any edge γl ⊂ Ll := {(t1, t2) ∈ R2 : κl1t1 + κl2t2 = 1} define hl by
∆(m) ∩ Ll = {(hl −m, hl + 1)},
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hr(φ) + 1
d+ 1
∆(m)
π(φ)
m+ 1
1/κ2
1/κ1
N (φa)
L
Figure 2. r-height
i.e.,
(1.11) hl =
1 +mκl1 − κl2
κl1 + κ
l
2
,
and define the restriction height, or short, r-height, of φ by
hr(φ) := max(d, max
{l=1,...,n+1:al>m}
hl).
Remarks 1.3. (a) For L in place of Ll and κ in place of κ
l, one has m = κ2/κ1
and d = 1/(κ1 + κ2), so that one gets d in place of hl in (1.11)
(b) Since m < al, we have hl < 1/(κ
l
1+κ
l
2), hence h
r(φ) < h(φ). On the other hand,
since the line ∆(m) lies above the bi-sectrix, it is obvious that hr(φ) + 1 ≥ h(φ),
so that
(1.12) h(φ)− 1 ≤ hr(φ) < h(φ).
It is easy to see by Remark 1.3 (a) that the r-height admits the following geometric
interpretation:
By following Varchenko’s algorithm (cf. Subsection 8.2 of [17]), one realizes that
the Newton polyhedron of φa intersects the line L of the Newton polyhedron of φ in
a compact face, either in a single vertex, or a compact edge. I.e., the intersection
contains at least one and at most two vertices of φa, and we choose (Al0−1, Bl0−1) as
the one with smallest second coordinate. Then l0 is the smallest index l such that γl
has a slope smaller than the slope of L, i.e., al0−1 ≤ m < al0 We may thus consider the
“augmented” Newton polyhedron N r(φa) of φa, which is the convex hull of the union
of N (φa) with the half-line L+ ⊂ L with right endpoint (Al0−1, Bl0−1). Then hr(φ) + 1
is the second coordinate of the point at which the line ∆(m) intersects the boundary of
N r(φa).
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Theorem 1.4. Let φ 6= 0 be real analytic, and assume that there is no linear coordinate
system adapted to φ. Then there exists a neighborhood U ⊂ S of x0 = 0 such that for
every non-negative density ρ ∈ C∞0 (U), the Fourier restriction estimate (1.1) holds
true for every p ≥ 1 such that p′ ≥ p′c := 2hr(φ) + 2.
Remarks 1.5. (a) An application of Greenleaf’s result would imply, at best, that
the condition p′ ≥ 2h(φ) + 2 is sufficient for (1.1) to hold, which is a strictly
stronger condition than p′ ≥ p′c.
(b) A. Seeger recently informed us that in a preprint, which regretfully had remained
unpublished, Schulz [26] had already observed this kind of phenomenon for par-
ticular examples of surfaces of revolution.
(c) It can be shown that the number m is well-defined, i.e., it does not depend on
the chosen linearly adapted coordinate system x (cf. Proposition 2.1).
Example 1.6.
φ(x1, x2) := (x2 − xm1 )n, n,m ≥ 2.
The coordinates (x1, x2) are not adapted. Adapted coordinates are y1 := x1, y2 :=
x2 − xm1 , in which φ is given by
φa(y1, y2) = y
n
2 .
Here
κ1 =
1
mn
, κ2 =
1
n
,
d := d(φ) =
1
κ1 + κ2
=
nm
m+ 1
,
and
p′c =
{
2d+ 2, if n ≤ m+ 1,
2n, if n > m+ 1 .
On the other hand, h := h(φ) = n, so that 2h+ 2 = 2n+ 2 > p′c.
1.2. Finite type hypersurfaces, condition (R), and an invariant description
of the notion of r-height. An analogous theorem holds true even for smooth, finite
type functions φ, under an additional condition which, however, is always satisfied when
φ is real-analytic. To state this more general result, and in order to prepare a more
invariant description of the notion of r-height, we need to introduce more notation.
Again, we shall assume that the coordinates (x1, x2) are linearly adapted to φ.
Definitions. Denote by R± := {x1 ∈ R : ±x1 > 0} and by H± := R± × R the
corresponding right, respectively left half-plane.
We say that a function f = f(x1) defined in U ∩R+ (respectively U ∩R−), where U
is an open neighborhood of the origin, is fractionally smooth, if there exist a smooth
function g on U and a positive integer q such that f(x1) = g(|x1|1/q) for x1 ∈ U ∩ R+
(respectively x1 ∈ U ∩R−). Moreover, we shall say that a fractionally smooth function
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f is flat, if f(x1) = O(|x1|N) for every N ∈ N. Two smooth functions f and g defined
on a neighborhood of the origin will be called equivalent, and we shall write f ∼ g, if
f − g is flat. Finally, a fractional shear in H± will be a change of coordinates of the
form
y1 := x1, y2 := x2 − f(x1),
where f is real-valued and fractionally smooth, but not flat. If we express the smooth
function φ on, say, the half-plane H+, as a function of y = (y1, y2), the resulting
function
φf(y) := φ(y1, y2 + f(y1))
will in general no longer be smooth at the origin, but “fractionally smooth”.
For such functions, there are straight-forward generalizations of the notions of Newton-
polyhedron, etc.. Namely, following [17], and assuming without loss of generality that
we are in H+ where x1 > 0, let φ be a function of the variables x
1/q
1 and x2 near the ori-
gin, i.e., there exists a smooth function φ[q] near the origin such that φ(x) = φ[q](x
1/q
1 , x2)
(more generally, we could assume that φ is a smooth function of the variables x
1/q
1 and
x
1/p
2 , where p and q are positive integers, but we won’t need this generality here). Such
functions φ will also be called fractionally smooth. If the Taylor series of φ[q] is given
by
φ[q](x1, x2) ∼
∞∑
α1,α2=0
cα1,α2x
α1
1 x
α2
2 ,
then φ has the formal Puiseux series expansion
φ(x1, x2) ∼
∞∑
α1,α2=0
cα1,α2x
α1/q
1 x
α2
2 .
We therefore define the Taylor-Puiseux support, or shorter, Taylor-support of φ by
T (φ) := {(α1
q
, α2) ∈ N2q : cα1,α2 6= 0},
where N2q := (
1
q
N)× N. The Newton-Puiseux polyhedron (shorter: Newton polyhedron)
N (φ) of φ at the origin is then defined to be the convex hull of the union of all the
quadrants (α1/q, α2) + R2+ in R
2, with (α1/q, α2) ∈ T (φ), and other notions, such as
the notion of principal face, Newton distance or homogenous distance, are defined in
analogy with our previous definitions for smooth functions φ.
Now, if f(x1) has the formal Puiseux series expansion (say for x1 > 0)
f(x1) ∼
∑
j≥0
cjx
mj
1 ,
with non-zero coefficients cj and exponents mj which are growing with j and are all
multiples of 1/q, we isolate the leading exponent m0 and choose the weight κ
f so that
κf2/κ
f
1 = m0 and such that the line
Lf := {(t1, t2) ∈ R2 : κf1t1 + κf2 t2 = 1}
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is a supporting line to N (φf). We can then define the augmented Newton polyhedron
N r(φf) in the same way as we defined N r(φa), replacing the exponent m by m0 and
the line L by Lf , and define, in analogy with hr(φ), the r-height hf (φ) associated to
f by requiring that hf(φ) + 1 is the second coordinate of the point at which the line
∆(m0) intersects the boundary of N r(φf ). Again, it is easy to see that
(1.13) hf(φ) = max(df , max
{l:al>m0}
hfl ),
where (df , df) is the point of intersection of the line Lf with the bi-sectrix, and where
hfl is associated to the edge γl of N (φf) by the analogue of formula (1.11), i.e.,
(1.14) hfl =
1 +m0κ
l
1 − κl2
κl1 + κ
l
2
,
if γl is again contained in the line Ll defined by the weight κ
l.
Finally, let us say that a fractionally smooth function f(x1) agrees with the principal
root jet ψ(x1) up to terms of higher order, if the following holds: if ψ is not a polynomial,
then f ∼ ψ, and if ψ is polynomial of degree D, then the leading exponent in the formal
Puiseux expansion of f − ψ is strictly bigger than D.
We can now formulate the condition that we need when φ is non-analytic.
Condition (R). For every fractionally smooth, real function f(x1) which agrees
with the principal root jet ψ(x1) up to terms of higher order, the following holds true:
If B ∈ N is maximal such that N (φf) ⊂ {(t1, t2) : t2 ≥ B}, then φ factors as
φ(x1, x2) = (x2 − f˜(x1))Bφ˜(x1, x2), where f˜ ∼ f and where φ˜ is fractionally smooth.
Clearly, Condition (R) is satisfied if φ is real-analytic.
Theorem 1.7. Let φ be smooth and of finite type, and assume that the coordinates
(x1, x2) are linearly adapted to φ, but not adapted, and that Condition (R) is satisfied.
Then there exists a neighborhood U ⊂ S of x0 = 0 such that for every non-negative
density ρ ∈ C∞0 (U), the Fourier restriction estimate (1.1) holds true for every p ≥ 1
such that p′ ≥ p′c := 2hr(φ) + 2.
This theorem is sharp in the following sense:
Theorem 1.8. Let φ be smooth of finite type, and assume that the Fourier restriction
estimate (1.1) holds true in a neighborhood of x0. Then, if ρ(x0) 6= 0, necessarily
p′ ≥ p′c.
Finally, we can also give a more invariant description of the notion of r-height, which
conceptually resembles more closely Varchenko’s definition of the notion of height, only
that we restrict the admissible changes of coordinates to the class of fractional shears
in the half-planes H+ and H−. Assume again that the coordinates (x1, x2) are linearly
adapted to φ, and let
(1.15) h˜r(φ) := sup
f
hf(φ),
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where the supremum is taken over all non-flat fractionally smooth, real functions f(x1)
of x1 > 0 (corresponding to a fractional shear in H
+) or of x1 < 0 (corresponding to a
fractional shear in H−). Then obviously
(1.16) hr(φ) ≤ h˜r(φ),
but in fact there is equality:
Proposition 1.9. Assume that the coordinates (x1, x2) are linearly adapted to φ, where
φ is smooth and of finite type and satisfies φ(0, 0) = 0, ∇φ(0, 0) = 0.
(a) If the coordinates (x1, x2) are not adapted to φ, then for every non-flat fraction-
ally smooth, real function f(x1) and the corresponding fractional shear in H
+
respectively H−, we have hf (φ) ≤ hr(φ). Consequently, hr(φ) = h˜r(φ).
(b) If the coordinates (x1, x2) are adapted to φ, then h˜
r(φ) = d(φ) = h(φ).
In particular, the critical exponent for the restriction estimate (1.1) is in all cases given
by p′c := 2h˜
r(φ) + 2.
1.3. Organization of the article. Before we turn to the proof of Theorem 1.7, we
shall first clarify the notion of linearly adapted coordinates in Section 2.
Moreover, as in the preceding papers [17], [18], assuming that the coordinates x are
linearly adapted, it will be natural to distinguish the cases where d(φ) < 2 and where
d(φ) ≥ 2, since, in contrast to the first case, in the latter case in many situations a
reduction to estimates for one-dimensional oscillatory integrals will be possible, which
in return can be performed by means of van der Corput’s lemma ([27]), respectively
the van der Corput type Lemma 2.2. The latter result will be stated in Section 2 too.
Our discussion of the case where d(φ) < 2 will rely on certain normal forms to which
φ can be transformed by means of a linear change of coordinates. These will be derived
in Section 3.
Next, in Section 4, as a first step in the proof of Theorem 1.7 we shall show that one
may reduce the restriction estimate to the piece of surface which lies above a small ,
“curved-conic ” neighborhood of the principal root jet ψ. This step works in all cases,
no matter what the value of d(φ) is.
Sections 5 to 8 will be devoted to the proof of Theorem 1.7 in the case where d(φ) < 2.
Some of the main tools will consist of various kinds of dyadic domain decompositions
in combination with Littlewood-Paley theory and re-scaling arguments, and additional
dyadic decompositions in frequency space. It turns out that the particular case where
m = 2 in (1.6), (1.7) requires a more refined analysis than the case m ≥ 3. Indeed, in
this case, it turns out that further dyadic decompositions with respect to the distance
to a certain “Airy cone” are needed. This particular case will be discussed in Section 6,
with the exception of the endpoint p = pc. Indeed, the discussion of this endpoint in the
cases left when m = 2 (compare Proposition 5.2) will require rather intricate complex
interpolation arguments, which will be presented in Sections 7 and 8. A further, useful
tool will be Lemma 8.1 on oscillatory double sums, whose proof will be given in the
Appendix in Section 14.
12 I. A. IKROMOV AND D. MU¨LLER
We should like to mention that a beautiful, real interpolation method has been
devised by Bak and Seeger recently in [4], which in many cases allows to replace the
more classical complex interpolation methods in the proof of Stein-Tomas-type Fourier
restriction estimates by substantially shorter proofs. In [19], we shall be able to make
use of this new method in a few situations, but it does not seem to apply to the
situations arising in Proposition 5.2.
Sections 9 - 12 will deal with the case where d(φ) ≥ 2. It is natural to decompose
the surface S according to the “root structure” of the function φ, which in return is
reflected by properties of the Newton diagram associated to φa (cf. [21], [17] and [18].
More precisely, we shall decompose the domain Ω into certain domains Dl, which are
homogeneous in adapted coordinates, and intermediate “transition” domains El, and
consider the corresponding decomposition of the surface S. The particular domain Dl
which contains the principal root jet x2 = ψ(x1) will be called Dpr . It is this domain
whose discussion will require the most refined arguments. All this is described in
Section 9. Next, in Section 10, we estimate the contribution of the transition domains
El to the restriction problem. It turns out that this works whenever d(φ) ≥ 2. Similarly,
in Section 11 we can also treat the contributions by the domains Dl different from Dpr
whenever d(φ) ≥ 2.
What remains is the domain Dpr . The contribution by this domain is studied in
Section 12, by means of a certain domain decomposition algorithm, which, roughly
speaking, reflects the “fine splitting” of roots of ∂2φ
a. In this discussion, various cases
arise, and there is one case in which we may fibre the corresponding piece of surface into
a family of curves with non-vanishing torsion, so that we can apply Drury’s restriction
theorem for curves [8]. However, it turns out that this requires that d(φ) ≥ 5.
What remains open at this stage is the proof of Proposition 4.3 in the case where 2 ≤
h lin(φ) < 5. The discussion of this case requires substantially more refined techniques
and interpolation arguments, and will be the content of [19].
Finally, in Section 13, we shall employ a Knapp-type argument in order to show that
the condition p′ ≥ p′c is necessary in Theorem 1.7, and conclude the article with a proof
of Proposition 1.9.
Conventions: In this article, we shall use the “variable constant” notation, i.e.,
many constants appearing in the paper, often denoted by C, will typically have different
values at different lines. Moreover, we shall use symbols such as ∼,. or ≪ in order to
avoid writing down constants. ByA ∼ B we mean that there are constants 0 < C1 ≤ C2
such that C1A ≤ B ≤ C2A, and these constants will not depend on the relevant
parameters arising in the context in which the quantities A and B appear. Similarly,
by A . B we mean that there is a (possibly large) constant C1 > 0 such that A ≤ C1B,
and by A ≪ B we mean that there is a sufficiently small constant c1 > 0 such that
A ≤ c1B, and again these constants do not depend on the relevant parameters.
By χ0 and χ1 we shall always denote smooth cut-off functions with compact support
on Rn, where χ0 will be supported in a neighborhood of the origin, whereas χ1 = χ1(x)
will be support away from the origin in each of its coordinates xj , i.e., |xj| ∼ 1 for
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every j = 1, . . . , n. These cut-off functions may also vary from line to line, and may in
some instances, where several of such functions of different variables appear within the
same formula, even designate different functions.
Also, if we speak of the slope of a line such as a supporting line to a Newton poly-
hedron, then we shall actually mean the modulus of the slope.
2. Preliminaries: Linear height, and van der Corput type estimates
In analogy with Varchenko’s notion of height , let us introduce the notion of linear
height of φ, which measures the upper limit of all Newton distances of φ in linear
coordinate systems:
h lin(φ) := sup{d(φ ◦ T ) : T ∈ GL(2,R)}.
Note that
d(φ) ≤ h lin(φ) ≤ h(φ).
We also say that a linear coordinate system y = (y1, y2) is linearly adapted to φ, if
dy = h lin(φ). Clearly, if there is a linear coordinate system which is adapted to φ, it is
in particular linearly adapted to φ. The following proposition gives a characterization
of linearly adapted coordinates under the complementary Assumption 1.2.
Proposition 2.1. If φ satisfies Assumption 1.2, and if φ = φ(x), then the following
are equivalent:
(a) The coordinates x are linearly adapted to φ.
(b) If the principal face π(φ) is contained in the line
L = {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1},
then either κ2/κ1 ≥ 2 or κ1/κ2 ≥ 2.
Moreover, in all linearly adapted coordinates x for which κ2/κ1 > 1, the principal
face of the Newton polyhedron is the same, so that in particular the number m := κ2/κ1
does not depend on the choice of the linearly adapted coordinate system.
This result shows in particular that linearly adapted coordinates always exist under
Assumption 1.2, since either the original coordinates for φ are already linearly adapted,
or we arrive at such coordinates after applying the first step in Varchenko’s algorithm
(when κ2/κ1 = 1 in the original coordinates).
Proof. In order to prove that (a) implies (b), assume that dx := d(φ) = h lin(φ). By
interchanging the coordinates x1 and x2, if necessary, we may assume that κ2/κ1 ≥ 1,
where we recall that κ2/κ1 ∈ N. Now, if we had κ2/κ1 = 1, then, by Varchenko’s
algorithm, there would exist a linear change of coordinates of the form y1 = x1, y2 =
x2 − cx1 so that dy > dx = d, which would contradict the maximality of dx. Thus,
necessarily κ2/κ1 ≥ 2.
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Conversely, assume without loss of generality that κ2/κ1 ≥ 2. Consider any matrix
T =
(
a b
c d
)
∈ GL(2,R), and the corresponding linear coordinates y given by
x1 = ay1 + by2, x2 = cy1 + dy2.
To prove (a), we have to show that dy ≤ dx for all such matrices T.
1. Case. a 6= 0. Then we may factorize T = T1T2, where
T1 :=
(
a 0
c ad−bc
a
)
, T2 :=
(
1 b
a
0 1
)
.
We first consider T2. Since φpr (T2y) = φκ(y1 +
b
a
y2, y2), where y2 is κ-homogenous of
degree κ2 > κ1, where κ1 is the κ-degree of y1, we see that the κ-principal part of φ◦T2
is given by (φ ◦ T2)κ = φκ, so that φ ◦ T2 and φ have the same principal face, and in
particular the same Newton distance. This shows that we may assume without loss of
generality that b = 0. Then necessarily d 6= 0. But then our change of coordinates is
of the type x1 = ay1, x2 = cy1 + dy2 considered in Lemma 3.2 of [16], so that this
lemma implies that dy ≤ dx. Indeed, one finds more precisely that dy < dx, if c 6= 0,
and dy = dx otherwise.
2. Case. a = 0, d = 0. Since separate scalings of the coordinates have no effect on
the Newton polyhedra, T then essentially interchanges the roles of x1 and x2, i.e., the
Newton polyhedron is reflected at the bi-sectrix under this coordinate change. This
shows that here dy = dx.
3. Case. a = 0, d 6= 0. Then we may factorize T =
(
0 b
c d
)
= T1T2, where
T1 :=
(
0 1
1 0
)
, T2 :=
(
c d
0 b
)
.
We have seen in the previous cases that both T1 and T2 do not change the Newton
distance, and thus here dy = dx. This concludes the proof of the first part of Proposition
2.1.
Assume finally that x and y are two linearly adapted coordinate systems for φ, for
which the corresponding principal weights κ and κ′ satisfy κ2/κ1 > 1 and κ
′
2/κ
′
1 > 1,
respectively. Choose T ∈ GL(2,R) such that x = Ty.
Inspecting the three cases from the previous argument, we see that in Case 1 the
mapping T2 does not change the principal face, and that necessarily c = 0, since
otherwise we had dy < dx. But then also T1 does not change the principal face. Case 2
cannot arise here, since we assume that both κ2/κ1 > 1 and κ
′
2/κ
′
1 > 1, and similarly
Case 3 cannot apply. This proves also the second statement in the proposition.
Q.E.D.
We shall often make use of van der Corput type estimates. This includes the classical
van der Corput Lemma [6] (see also [27]) as well as variants of it, going back to J. E.
Bjo¨rk (see [7]) and G. I. Arhipov [1].
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Lemma 2.2. Let M ≥ 2 (M ∈ N), and let f be a real valued function of class CM
defined on an interval I ⊂ R. Assume that either
(i) |f (M)(s)| ≥ 1 on I, or that
(ii) f is of polynomial type M ≥ 2, i.e., there are positive constants c1, c2 > 0 such
that
c1 ≤
M∑
j=1
|f (j)(s)| ≤ c2 for every s ∈ I,
and I is compact.
Then the following hold true: For every λ ∈ R,
(a) ∣∣∣ ∫
I
eiλf(s)g(s) ds
∣∣∣ ≤ C(‖g‖L∞(I) + ‖g′‖L1(I)) (1 + |λ|)−1/M ,
where the constant C depends only on M in case (i), and on M, c1, c2 and I in
case (ii).
(b) If G ∈ L1(I) is a non-negative function which is majorised by a function H ∈
L1(I) such that Hˆ ∈ L1(R), then∫
I
G(λf(s)) ds ≤ C|λ|−1/M ,
where the constant C depends only on M and ‖H‖1 + ‖Hˆ‖1 in case (i), and on
M, c1, c2, I and ‖H‖1 + ‖Hˆ‖1 in case (ii).
Proof. For (a), we refer to [6], [27], [7]) and [1]. Moreover, it is well-known (see [6])
that (b) is an immediate consequence of (a). Indeed, by means of the Fourier inversion
formula and Fubini’s theorem we may estimate∫
I
G(λf(s)) ds ≤ 1
2π
∣∣∣ ∫ Hˆ(ξ) ∫
I
eiξλf(s) dsdξ
∣∣∣ ≤ C|λ|−1/M ∫
R
|Hˆ(ξ)||ξ|−1/M dξ.
Q.E.D.
We remark that the conditions on the function G in (b) are satisfied in particular if
G = |ϕ|, where ϕ is of Schwartz class.
3. Normal forms of φ under linear coordinate changes when h lin < 2
In this section we shall provide normal forms of the functions φ under linear coor-
dinate changes when h lin < 2. This extends Siersma’s work on analytic functions [24]
to the smooth, finite type case. The designation of the type of singularity that we
list below corresponds to Arnol’d’s classification of singularities in the case of analytic
functions (cf. [3] and [9]), i.e., in the analytic case, non-linear analytic changes of
coordinates would allow to further reduce φ to Arnol’d’s normal forms.
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Proposition 3.1. Assume that h lin(φ) < 2, where φ satisfies Assumption 1.2.
Then, after applying a suitable linear change of coordinates, φ can be written in the
following form on a sufficiently small neighborhood of the origin:
(3.1) φ(x1, x2) = b(x1, x2)(x2 − ψ(x1))2 + b0(x1),
where b, b0 and ψ are smooth functions, and where ψ(x1) = cx
m
1 +O(x
m+1
1 ), with c 6= 0
and m ≥ 2. Moreover, we can distinguish two cases:
Case a. b(0, 0) 6= 0. Then either
(i) b0 is flat, (singularity of type A∞)
or
(ii) b0(x1) = x
n
1β(x1), where β(0) 6= 0 and n ≥ 2m+ 1. (singularity of type An−1)
In these cases we say that φ is of type A.
Case b. b(0, 0) = 0. Then we may assume that
(3.2) b(x1, x2) = x1b1(x1, x2) + x
2
2b2(x2),
where b1 and b2 are smooth functions, with b1(0, 0) 6= 0.
Moreover, either
(i) b0 is flat, (singularity of type D∞)
or
(ii) b0(x1) = x
n
1β(x1), where β(0) 6= 0 and n ≥ 2m+ 2. (singularity of type Dn+1)
In these cases we say that φ is of type D.
Remarks 3.2. (a) It is easy to see that the Newton distance d = d(φ) for these
normal forms is given as follows:
d =
{
2m
m+1
, if φ is of type A,
2m+1
m+1
, if φ is of type D,
and by Proposition 2.1 that h lin(φ) = d, i.e., that the coordinates x are linearly
adapted.
(b) Similarly, the coordinates y1 := x1, y2 := x2 − ψ(x1) are adapted to φ, and we
can choose ψ as the principal root jet.
(c) When φ has a singularity of type A∞ or D∞ and satisfies Condition (R), then
necessarily b0 ≡ 0.
Proof. If D2φ(0, 0) had full rank 2, then the coordinates x would already be adapted
to φ, which would contradict our assumptions. Therefore rankD2φ(0, 0) ≤ 1. Let us
denote by Pn the homogeneous part of degree n of the Taylor polynomial of φ, i.e.,
Pn(x1, x2) =
∑
j+k=n cjkx
j
1x
k
2.
1. Case: rankD2φ(0, 0) = 1.
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In this case, by passing to a suitable linear coordinate system, we may assume that
P2(x1, x2) = ax
2
2, where a 6= 0. Consider the equation
∂2φ(x1, x2) = 0.
By the implicit function theorem, it has locally a unique smooth solution x2 = ψ(x1),
i.e., ∂2φ(x1, ψ(x1)) = 0. A Taylor series expansion of the function φ(x1, x2) with respect
to the variable x2 around ψ(x1) then shows that
(3.3) φ(x1, x2) = b(x1, x2)(x2 − ψ(x1))2 + b0(x1),
where b and b0 are smooth functions and b(0, 0) =
1
2
∂22φ(0, 0) = a 6= 0, whereas
b0(x1) = O(x
2
1), since φ(0, 0) = 0, ∇φ(0, 0) = 0 (this is a special instance of what
would follow from a classical division theorem, see, e.g., [15]).
Now, either b0 is flat, which leads to type A∞, or otherwise we may write b0(x1) =
xn1β(x1), where β(0) 6= 0 and n ≥ 2, which leads to type An−1.
Observe also that the function ψ cannot be flat, for otherwise the Newton polyhedron
of φ would be the set (0, 2)+R2+, in case that b0 is flat, or its principal edge would be the
compact line segment with vertices (0, 2) and (n, 0). In the latter case, the principal
part of φ is given by φpr (x1, x2) = ax
2
2 + g(0)x
n
1 , so that the maximal multiplicity
m(φpr ) of any real root of φpr along the unit circle is at most 1, whereas the Newton
distance is given by d = 1/(1
2
+ 1
n
) ≥ 1. Therefore, in both cases, the coordinates x
would already be adapted to φ, according to Corollary 4.3 in [16]. Notice also that the
same argument shows that the coordinates y introduced in (1.8) are adapted to φ, so
that in particular indeed h = 2 (in case that b0 is flat) respectively h = 1/(
1
2
+ 1
n
) < 2
(if b0(x1) = x
n
1β(x1)).
In particular, since ψ(0) = 0, we can write ψ(x1) = cx
m
1 +O(x
m+1
1 ) for some m ∈ N,
where c 6= 0. Note that indeed m ≥ 2, since P2(x1, x2) = ax22.
Finally, when b0(x1) = x
n
1β(x1), a similar reasoning as before shows that the coor-
dinates x are already adapted if 2m ≥ n, so that under Assumption 1.2 we must have
n ≥ 2m+ 1.
2. Case: D2φ(0, 0) = 0.
Then P2 = 0, and P3 6= 0, for otherwise we had h lin ≥ d ≥ 1/(1/4+ 1/4) = 2, which
would contradict our assumption that h lin < 2. Notice also that P3 6= 0 is homogeneous
of odd degree 3, so that necessarily m(P3) ≥ 1.
Assume first that m(P3) = 1. Then, passing to a suitable linear coordinate system,
we may assume that P3(x1, x2) = x1(x2−αx1)(x2− βx1), where either α 6= β are both
real, or α = β are non-real. Then one checks easily that the Newton diagram of P3 is a
compact edge intersecting the bi-sectrix in its interior and contained in the line given by
1
3
t1 +
1
3
t2 = 1. Consequently, it agrees with the principal face π(φ), so that P3 = φpr .
We thus find that the Newton distance d in this linear coordinate system satisfies
d = 3/2 > m(φpr ), so that these coordinates would already be adapted, contradicting
our assumptions.
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Assume next thatm(P3) = 3. Then, in a suitable linear coordinate system, P3(x1, x2)
= x32. These coordinates are then adapted to P3, so that h(P3) = d(P3) = 3 > 2.
However, as has been shown in [17], p. 217, under Assumption 1.2 this implies that
the Taylor support of φ is contained in the region where 1
6
t1 +
1
3
t2 ≥ 1. This in return
implies that h lin ≥ d ≥ 1/(16 + 13) = 2, in contrast to what we assumed.
We have thus seen that necessarily m(P3) = 2. Then, after applying a suitable linear
change of coordinates, we may assume that P3(x1, x2) = x1x
2
2, i.e.,
φ(x1, x2) = x1x
2
2 +O(|x|4).
Consider here the equation
(3.4) ∂1∂2φ(x1, x2) = 0.
By the implicit function theorem, it has locally a unique smooth solution x2 = ψ(x1),
i.e., ∂1∂2φ(x1, ψ(x1)) = 0. By means of a Taylor series expansion of the function
∂1φ(x1, x2) with respect to the variable x2 around ψ(x1) and subsequent integration in
x1 one then finds that
φ(x1, x2) = b(x1, x2)(x2 − ψ(x1))2 + b2(x1)x2 + b0(x1),
where b, b0 and b2 are smooth functions. Again, we have that ψ(x1) = cx
m
1 +O(x
m+1
1 ),
with m ≥ 2. Then (3.4) implies that b′2 = 0, and since ∂2φ(0, 0) = 0, we see that b2 = 0,
hence
(3.5) φ(x1, x2) = b(x1, x2)(x2 − ψ(x1))2 + b0(x1),
Moreover, since ∂22φ(0, 0) = 0, ∂1∂
2
2φ(0, 0) 6= 0, ∂32φ(0, 0) = 0, we have that
b(0, 0) = 0, ∂1b(0, 0) 6= 0 and ∂2b(0, 0) = 0.
By Taylor’s formula, this implies that
b(x1, x2) = x1b1(x1, x2) + x
2
2b2(x2),
where b1 and b2 are smooth functions, with b1(0, 0) 6= 0.
In a similar way as in Case 1, one can see that the coordinates from (1.8) are adapted
to φ.Moreover, if b0 is flat, which leads to caseD∞, then h = 2, and if b0(x1) = x
n
1β(x1),
which leads to case Dn+1, then h =
2n
n+1
< 2. Finally, one also checks easily that the
coordinates x in (1.8) are already adapted to φ, if 2m + 1 ≥ n, so that under our
assumption we must have n ≥ 2m+ 2.
This concludes the proof of Proposition 3.1. Q.E.D.
Corollary 3.3. Assume that φ satisfies Assumption 1.2. By passing to a suitable linear
coordinate system, let us also assume that the coordinates x are linearly adapted to φ.
Then, if d = d(φ) < 2, the critical exponent in Theorem 1.7 is given by p′c = 2d+ 2.
Proof. Proposition 3.1 shows that the principal face π(φ) of the Newton polyhedron of
φ is a compact edge whose “upper” vertex v is one the following points (0, 2) or (1, 2),
which both lie below the line H := {(t1, t2) : t2 = 3} within the positive quadrant.
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On the other hand, m + 1 ≥ 3. It is then clear from the geometry of the lines H , the
line L which contains π(φ) and the line ∆(m), that ∆(m) will intersect L above or in
the vertex v. Since, by Varchenko’s algorithm, the point v will also be a vertex of the
Newton polyhedron of φa, this easily implies that hr(φ) = d (compare Figure 2). This
proves the claim. Q.E.D.
4. Reduction to restriction estimates near the principal root jet
We now turn to the proof of Theorem 1.7 (which includes Theorem 1.4). As a first
step, we shall reduce considerations to a small neighborhood of the principal root jet
ψ. Recall that our coordinates x are assumed to satisfy (1.7) and (1.6).
Following [18], by decomposing R2 into its four quadrants, we shall in the sequel
always assume that the surface carried measure dµ = ρdσ is supported in the positive
quadrant where x1 > 0, x2 > 0, i.e., that it is of the form
〈µ, f〉 =
∫
(R+)2
f(x, φ(x)) η(x) dx, f ∈ C0(R3),
where η(x) := ρ(x, φ(x))
√
1 + |∇φ(x)|2 is smooth and has its support in the neighbor-
hood Ω of the origin, which we may assume to be sufficiently small. The contributions
by the other quadrants can be treated in a very similar way.
If χ is an integrable function defined on Ω, we put
µχ := (χ⊗ 1)µ, i.e., 〈µχ, f〉 =
∫
(R+)2
f(x, φ(x)) η(x)χ(x) dx.
Recall from (1.7) that ψ(x1) = cx
m
1 +O(x
m+1
1 ).We choose a non-negative bump function
χ0 ∈ C∞0 (R) supported in [−1, 1], and put
ρ1(x1, x2) := χ0
(x2 − cxm1
εxm1
)
,
where ε > 0 is a small parameter to be determined later. Notice that ρ1 is supported
in the κ-homogeneous subdomain of Ω ∩ R2 where
(4.1) |x2 − cxm1 | ≤ εxm1 ,
which contains the curve x2 = ψ(x1) when Ω is sufficiently small.
Proposition 4.1. For every ε > 0, when the support of µ is sufficiently small then(∫
S
|f̂ |2 dµ1−ρ1
)1/2
≤ Cp,ε‖f‖Lp(R3), f ∈ S(R3)
whenever p′ ≥ 2d+ 2. In particular, this estimate is valid for p′ ≥ p′c.
The proof of this result will, by and large, follow the proof of Corollary 1.6 in [18].
By {δr}r>0 we shall again denote the dilations associated to the principal weight κ.
Fixing a suitable smooth cut-off function χ ≥ 0 on R2 supported in an annulus A ⊂ R2
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such that the functions χk := χ ◦ δ2k form a partition of unity, we then decompose the
measure µ1−ρ1 dyadically as
µ1−ρ1 =
∑
k≥k0
µk,(4.2)
where µk := µ
χk(1−ρ1). Let us extend the dilations δr to R3 by putting
δer(x1, x2, x3) := (r
κ1x1, r
κ2x2, rx3).
We re-scale the measure µk by defining µ0,(k) := 2
−kµk ◦ δe2−k , i.e.,
(4.3) 〈µ0,(k), f〉 = 2|κ|k〈µk, f◦δe2k〉 =
∫
(R+)2
f(x, φk(x)) η(δ2−kx)χ(x)(1−ρ1(x1, x2)) dx,
with
(4.4) φk(x) := 2kφ(δ2−kx) = φκ(x) + error terms of order O(2
−δk),
where δ > 0. Recall here that the principal part φpr of φ agrees with φκ. This shows
that the measures µ0,(k) are supported on the smooth hypersurfaces S
k defined as the
graph of φk, their total variations are uniformly bounded, i.e., supk ‖µ0,(k)‖1 <∞, and
that they are approaching the surface carried measure µ0,(∞) on S defined by
〈µ0,(∞), f〉 :=
∫
(R+)2
f(x, φκ(x)) η(0)χ(x)(1− ρ1(x1, x2)) dx
as k →∞. The proof of Corollary 1.6 in [18], which is based on a classical result by A.
Greenleaf [14] which relates uniform estimates for the Fourier transform of a surface
carried measure to Lp-L2- Fourier restriction estimates for this measure, as well as on
Littlewood-Paley theory, then shows that it is sufficient to verify the following estimate
in order to prove Proposition 4.1:
Lemma 4.2. If k0 ∈ N is sufficiently large, then there exists a constant C > 0 such
that
|µ̂0,(k)(ξ)| ≤ C(1 + |ξ|)−1/d for every ξ ∈ R3, k ≥ k0.
We turn to the proof of Lemma 4.2. Assume first that h lin = h lin(φ) ≥ 2. Then
h(φ) > 2 by Assumption 1.2. Thus, in this case, the proof of Lemma 2.3 in [18] shows
that indeed the estimate in Lemma 4.2 holds true.
We may therefore assume that h lin < 2, so that φ can be assumed to be given by
one of the normal forms appearing in Proposition 3.1. Moreover, then h lin = d is the
Newton distance. Let us re-write
µ̂0,(k)(ξ) =
∫
(R+)2
e−i(ξ1x1+ξ2x2+ξ3φ
k(x1,x2))η(δ2−kx)χ(x)(1 − ρ1(x1, x2)) dx,
and observe that, by a partition of unity argument, it will suffice to prove the following:
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Given any point v ∈ A such that
(4.5) v2 − cvm1 6= 0,
there is neighborhood V of v such that for every bump function χv ∈ C∞(R2) supported
in V we have
(4.6) |Jχv(ξ)| ≤ C(1 + |ξ|)−1/d for every ξ ∈ R3, k ≥ k0,
where
Jχv(ξ) :=
∫
(R+)2
e−i(ξ1x1+ξ2x2+ξ3φ
k(x1,x2))η(δ2−kx)χv(x) dx.
To prove this, we shall distinguish the cases a and b from Proposition 3.1.
Case a (φ of type A). In this case, we see that κ = ( 1
2m
, 1
2
) and
φκ(x1, x2) = φpr (x1, x2) = b(0, 0)(x2 − cxm1 )2,
so that 1
d
= 1
2
+ 1
2m
. After applying a suitable linear change of coordinates (and possibly
complex conjugation to Jχv(ξ)), we may assume that b(0, 0) = 1. Then, the Hessian of
φκ is given by
Hess(φκ)(x1, x2) := −4m(m− 1)cxm−21 (x2 − cxm1 ).
Therefore, by (4.5), if m = 2, or v1 6= 0, then Hess(φκ)(v) 6= 0. In this case, in view
of (4.4) we can apply the method of stationary phase for phase functions depending
on small parameters and easily obtain
|Jχv(ξ)| ≤ C(1 + |ξ|)−1 for every ξ ∈ R3, k ≥ k0,
provided V is sufficiently small and k0 sufficiently large. Since d ≥ 1, this yields (4.6).
We are left with the case where m > 2 and v1 = 0. Since v = (v1, v2) ∈ A, this
implies that v2 6= 0.
Putting φ˜k(y1, y2) := φ
k(y1, v2 + y2), we may re-write J
χv(ξ) as
Jχv(ξ) = e−iv2ξ2
∫
(R+)2
e−i(ξ1y1+ξ2y2+ξ3φ˜
k(y1,y2))η(δ2−k(y1, v2 + y2)χ˜0(y) dy,
where χ˜0 is now supported in a sufficiently small neighborhood of the origin. But,
φ˜k(y1, y2) = (v2 + y2 − cym1 )2 +O(2−δk)
= v22 + 2v2y2 +
(
y22 − 2cv2ym1 + c2y2m1 − 2cy2ym1
)
+O(2−δk).
The main term here is (y22 − 2cv2ym1 ), which shows that the phase has a singularity of
type Am−1.
By means of a linear change of variables in ξ-space, which replaces ξ2 + 2v2ξ3 by ξ2,
we may thus reduce to assuming that the complete phase in the oscillatory integral
Jχv(ξ) is given by
ξ1y1 + ξ2y2 + ξ3
(
y22 − 2cv2ym1 + c2y2m1 − 2cy2ym1 +O(2−δk)
)
.
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We claim that
|Jχv(ξ)| ≤ C(1 + |ξ|)−( 12+ 1m ) for every ξ ∈ R3, k ≥ k0,
which is even stronger than (4.6).
Indeed, if
|ξ3| ≪ max{|ξ1|, |ξ2|},
then this follows easily by integration by parts, so let us assume that
|ξ3| ≥ M max{|ξ1|, |ξ2|}
for some constant M > 0. Then |ξ3| ∼ |ξ|. Consequently, by applying first the method
of stationary phase to the integration in y2, and then van der Corput’s estimate to
the y1 integration, we obtain the estimate above. Observe here that these types of
estimates are stable under small, smooth perturbations.
Case b (φ of type D). In this case, we see that κ = ( 1
2m+1
, m
2m+1
) and
φκ(x1, x2) = φpr (x1, x2) = g(0, 0)x1(x2 − cxm1 )2,
so that 1
d
= m+1
2m+1
. Again, we may assume without loss of generality that g(0, 0) = 1,
so that
φκ(x1, x2) = x1x
2
2 − 2cxm+11 x2 + c2x2m+11 .
Straight-forward computations show that
∂21φκ(x) = −2cm(m+ 1)xm−11 x2 + c22m(2m+ 1)x2m−11 ,
∂1∂2φκ(x) = 2x2 − 2c(m+ 1)xm1 , ∂22φκ(x) = 2x1,
hence
Hess(φκ)(v) := −4(x2 − cxm1 )
(
x2 + c(m
2 −m− 1)xm1
)
.
In view of (4.5), we see that Hess(φκ)(v) 6= 0, if v2 + c(m2 −m− 1)vm1 6= 0, so that we
can again estimate Jχv(ξ) by means of the method of stationary phase.
Let us therefore assume that Hess(φκ)(v) = 0, i.e.,
(4.7) v2 = −c(m2 −m− 1)vm1 .
Observe that then v1 6= 0, v2 6= 0. Denote by
Pj(y) :=
∑
|α|=j
1
α!
∂αφκ(v)y
α
the homogeneous Taylor polynomial of φκ of degree j, centered at v. Then clearly
P2(y) = v1
(
y2 + (v2 − c(m+ 1)vm1 )y1/v1
)2
= v1
(
y2 − cm2vm−11 y1
)2
.
Moreover, by (4.7)
P3(y) = −y1
(1
3
c2m2(m3 −m2 + 2m+ 1)v2m−21 y21 − cm(m+ 1)vm−11 y1y2 + y22
)
= −y1Q(y).
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Passing to the linear coordinates z1 := y1, z2 := y2 − cm2vm−11 y1, one finds that
P2 = v1z
2
2 , P3 = −z1Q˜(z),
where again Q˜ = z22 + 2β1z1z2 + β2z
2
1 is again a quadratic form. Moreover, straight-
forward computations show that
β2 =
c2
3
m2(m− 1)(m2 − 1)v2m−21 6= 0.
Applying Taylor’s formula, we thus find that, in the coordinates z,
φ˜(z) := φκ(v1+y1, v2+y2) = c0+c1z1+c2z2+(v1z
2
2−β2z31)−(z1z22+2β1z21z2)+O(|z|4).
Let us put φv(z) := φ(z)− (c0+ c1z1+ c2z2), so that φv(0, 0) = 0, ∇φv(0, 0) = 0. Then
one finds that the principal part of φv is given by
φvpr (z) = v1z
2
2 − β2z31 , where β2 6= 0.
We can now argue in a very similar way as in the previous case. Indeed, by passing for
the variables x in the integral defining Jχv(ξ), and then applying first the method of
stationary phase to the integration in z2, and subsequently van der Corput’s estimate to
the z1 integration (in the case where |ξ3| ≥ M max{|ξ1|, |ξ2|}), we obtain the estimate
|Jχv(ξ)| ≤ C(1 + |ξ|)−( 12+ 13 ) for every ξ ∈ R3, k ≥ k0.
Again, this is a stronger estimate than (4.6), since here
1
d
=
1
2
+
1
4m+ 2
≤ 1
2
+
1
3
.
The proof of Proposition 4.1 is thus complete.
We are thus left with proving Fourier restriction estimates for the measure µρ1 which
is supported in the small neighborhood (4.1) of the principal root jet. Our main goal
will thus be to prove the following
Proposition 4.3. Assume that φ satisfies the assumptions of Theorem 1.7. If ε > 0
is sufficiently small, then we have(∫
S
|f̂ |2 dµρ1
)1/2
≤ Cp,ε‖f‖Lp(R3), f ∈ S(R3)
whenever p′ ≥ p′c.
In combination with Proposition 4.1 this will conclude the proof of Theorem 1.7.
Notice that by interpolation with the trivial L1-L2- restriction estimate, it will suffice
to prove this for p = pc.
We shall distinguish between the cases where h lin < 2, and where h lin ≥ 2, since their
treatments will require somewhat different approaches. Moreover, when h lin ≥ 5, some
arguments simplify substantially compared to the case where 2 < h lin < 5, since we can
then apply restriction estimates for curves with non-vanishing torsion originating from
seminal work by S.W. Drury, so that we shall also distinguish between those subcases.
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5. The case when h lin(φ) < 2
In this case, we may assume that φ is given by one of the normal forms in Proposition
3.1. Recall from Corollary 3.3 that then p′c = 2d + 2. Recall also that, because we
are assuming Condition (R) to hold, the term b0 in (3.1) respectively (3.2) vanishes
identically if φ is of type A∞ or D∞ (cf. Remark 3.2 (c)).
In a first step, we shall follow the arguments from the preceding section and decom-
pose the measure µρ1 dyadically by means of the dilations associated to the principal
weight κ. Applying subsequent re-scalings, we may then reduce ourselves by means of
Littlewood-Paley theory to proving the following uniform restriction estimates (5.3):
For k ∈ N denote by νk the measure given by
(5.1) 〈νk, f〉 = 2|κ|k〈µk, f ◦ δe2k〉 =
∫
(R+)2
f(x, φk(x)) η(δ2−kx)χ(x)ρ1(x1, x2) dx,
where φk is again given by (4.4). Observe that
(5.2) x1 ∼ 1 ∼ x2
in the support of the integrand. Recall also from (1.9) that
φ(x1, x2) = φ
a(x1, x2 − ψ(x1)),
where according to (1.7) we may write
ψ(x1) = x
m
1 ω(x1), (m ≥ 2),
with a smooth function ω satisfying ω(0) 6= 0.
Then, if ε > 0 and δ are chosen sufficiently small, there are constants Cε > 0 and
k0 ∈ N such that for every k ≥ k0
(5.3)
(∫
|f̂ |2 dνk
)1/2
≤ Cε‖f‖Lpc(R3), f ∈ S(R3).
In order to prove this estimate, observe that φk can be written in the form
(5.4) φ(x, δ) := b˜(x1, x2, δ1, δ2)
(
x2 − xm1 ω(δ1x1)
)2
+ δ3x
n
1β(δ1x1),
where
δ = (δ1, δ2 , δ3) = (2
−κ1k, 2−κ2k, 2−(nκ1−1)k)
are small parameters which tend to 0 as k tends to infinity, and where b˜ is a smooth
function in all variables given by
b˜(x1, x2, δ1, δ2) :=
{
b(δ1x1, δ2x2), for φ of type A,
x1b1(δ1x1, δ2x2) + δ
2m−1
1 x
2
2b2(δ2x2), for φ is type D.
(5.5)
Note that δ3 := 0 when φ is of type A∞ or D∞. Recall also that here x1 ∼ 1 ∼ x2, and
notice that
ω(0) 6= 0, and b˜(x1, x2, 0, 0) ∼ 1.
A SHARP RESTRICTION THEOREM 25
It is thus easily seen by means of a partition of unity argument that it will suffice to
prove the following proposition in order to verify (5.3).
Proposition 5.1. Let φ(x, δ) be as in (5.4). Then, for every point v = (v1, v2) such
that v1 ∼ 1 and v2 = vm1 ω(0), there exists a neighborhood V of v in (R+)2 such that for
every cut-off function η ∈ D(V ), the measure νδ given by
〈νδ, f〉 :=
∫
f(x, φ(x, δ)) η(x1, x2) dx
satisfies a restriction estimate
(5.6)
( ∫
|f̂ |2 dνδ
)1/2
≤ Cη‖f‖Lpc(R3), f ∈ S(R3),
provided δ is sufficiently small, with a constant Cη which depends only on some C
k-
norm of η.
In oder to prove this proposition, we shall perform yet another dyadic decomposition,
this time with respect to the x3-variable. A straight-forward modification of the proof
of Corollary 1.6 in [18] then allows to reduce the proof again by means of Littlewood-
Paley theory to uniform restriction estimates for the following family of measures:
(5.7) 〈νδ,j, f〉 :=
∫
f(x, φ(x, δ))χ1(2
2jφ(x, δ))η(x1, x2) dx.
Here, χ1 ∈ D(R) is a fixed, non-negative smooth bump-function supported in
(−2,−1/2) ∪ (1/2, 2) such that χ1 ≡ 1 in a neighborhood of the points −1 and 1.
Notice that νδ,j is supported where |φ(x, δ)| ∼ 2−2j. I.e., in place of (5.6), it will be
sufficient to prove an analogous uniform estimate
(5.8)
(∫
|f̂ |2 dνδ,j
)1/2
≤ Cη‖f‖Lpc(R3), f ∈ S(R3),
for all j ∈ N sufficiently big, say j ≥ j0, where the constant Cη does neither depend on
δ, nor on j.
In order to verify (5.8), we shall distinguish three cases, depending on the size of
22jδ3.
5.1. The situation where 22jδ3 ≫ 1. Observe first that if j is sufficiently large, then
by (5.4) and since x1 ∼ 1, νδ,j = 0 unless b˜(v, δ1, δ2) and β(0) have opposite signs. So,
let us for instance assume that b˜(x1, x2, δ1, δ2) > 0 and β(δ1x1) < 0 on the support of
η. Then β˜ := −β > 0, and we may re-write
22jφ(x, δ) = 22j b˜(x1, x2, δ1, δ2)
(
x2 − xm1 ω(δ1x1)
)2
− 22jδ3xn1 β˜(δ1x1).
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We introduce new coordinates y by putting y1 := x1 and y2 := 2
2jφ(x, δ). Solving for
x2, one easily finds that
(5.9) x2 = b˜1
(
y1,
√
2−2jy2 + δ3yn1 β˜(δ1y1), δ1, δ2
)√
2−2jy2 + δ3yn1 β˜(δ1y1) + y
m
1 ω(δ1y1) ,
where b˜1 has similar properties like b˜. Moreover, by the support properties of the
amplitude χ(22jφ(x, δ))η(x1, x2), we see that also for the new coordinates we have
y1 ∼ 1 ∼ y2, and that we can re-write
〈νδ,j, f〉 = 2
−2j
√
δ3
∫
f
(
y1, φ(y, δ, j), 2
−2jy2
)
a(y, δ, j)χ1(y1)χ1(y2) dy,
with a cut-off function χ as before, and where a(y, δ, j) is smooth in y and δ, with
Ck-norms uniformly bounded in δ and j, and where
(5.10)
φ(x, δ, j) := b˜1
(
x1,
√
2−2jx2 + δ3x
n
1 β˜(δ1x1), δ1, δ2
)√
2−2jx2 + δ3x
n
1 β˜(δ1x1)+x
m
1 ω(δ1x1) .
We have re-named the variable y to become x here, since if we define the measure
ν˜δ,j by
(5.11) 〈ν˜δ,j, f〉 :=
∫
f
(
x1, φ(x, δ, j), x2
)
a(x, δ, j)χ1(x1)χ1(x2) dx,
then the restriction estimate (5.8) for the measure νδ,j is equivalent to the following
restriction estimate for the measure ν˜δ,j :
(5.12)
∫
|f̂ |2 dν˜δ,j ≤ Cη
√
δ3 2
2j(1− 2
pc′
) ‖f‖2Lpc(R3), f ∈ S(R3)
for all j ∈ N sufficiently big, say j ≥ j0, where the constant Cη does neither depend on
δ, nor on j.
Formula (5.11) shows that the Fourier transform of the measure ν˜δ,j can be expressed
as an oscillatory integral
(5.13) ̂˜νδ,j(ξ) = ∫ e−iΦ(x,δ,j,ξ)a(x, δ, j)χ1(x1)χ1(x2) dx,
where the complete phase function Φ is given by
(5.14) Φ(x, δ, j, ξ) := ξ2φ(x, δ, j) + ξ3x2 + ξ1x1.
Finally, we shall perform a Littlewood- Paley decomposition of the measure ν˜δ,j in
each coordinate. To this end, we fix again a suitable smooth cut-off function χ1 ≥ 0
on R supported in (−2,−1/2)∪ (1/2, 2) such that the functions χk(t) := χ1(21−kt), k ∈
N \ {0}, in combination with a suitable smooth function χ0 supported in (−1, 1), form
a partition of unity, i.e.,
(5.15)
∞∑
k=0
χk(t) = 1 for all t ∈ R.
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For every multi-index k = (k1, k2, k3) ∈ N3, we put
(5.16) χk(ξ) := χk1(ξ1)χk2(ξ2)χk3(ξ3),
and finally define the smooth functions νk,j by
ν̂k,j(ξ) := χk(ξ) ̂˜νδ,j(ξ).
In order to defray the notation, we have suppressed here the dependency of this smooth
function on the small parameters δ. We then find that
(5.17) ν˜δ,j =
∑
k∈N3
νk,j,
in the sense of distributions. To simplify the subsequent discussion, we shall concen-
trate on those measures νk,j for which none of its components ki’s are zero, since the
remaining cases where for instance ki is zero can be dealt with in the same way as the
corresponding cases where ki ≥ 1 is small.
Now, if 1 ≤ λi = 2ki−1, i = 1, 2, 3, are dyadic numbers, we shall accordingly write νλj
in place of νk,j, i.e.,
(5.18) ν̂λj (ξ) = χ1
( ξ1
λ1
)
χ1
( ξ2
λ2
)
χ1
( ξ3
λ3
) ̂˜νδ,j(ξ).
Note that
(5.19) |ξi| ∼ λi, on supp ν̂λj .
Moreover, by (5.11),
νλj (x) = λ1λ2λ3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ2(x2 − φ(y, δ, j))
)
χˇ1
(
λ3(x2 − y2)
)
a(y, δ, j)χ(y1)χ(y2) dy,(5.20)
where fˇ denotes the inverse Fourier transform of f.
We begin by estimating the Fourier transform of νλj . To this end, we first integrate
in x1 in (5.11), and then in x2, assuming that (5.19) holds true. We shall concentrate
on those νλj for which
(5.21) λ1 ∼ λ2 ∼
√
δ32
2jλ3.
In all other cases, the phase has no critical point on the support of the amplitude, and
we obtain much faster Fourier decay estimates by repeated integrations by parts, so
that the corresponding terms can be considered as error terms. Observe also that
∂2
∂x22
Φ(x, δ, j, ξ) ∼ λ2δ−3/23 2−4j
on the support of the amplitude. We therefore distinguish two subcases.
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1. Case: 1 ≤ λ1 . δ3/23 24j . In this case we cannot gain from the integration in x2
but, by applying van der Corput’s lemma (or the method of stationary phase) in x1 we
obtain
(5.22) ‖ν̂λj ‖∞ .
1
λ
1/2
1
.
2. Case: λ1 ≫ δ3/23 24j . Then, by first applying the method of stationary phase to
the integration in x1, and subsequently applying the classical van der Corput lemma
(or Lemma 2.2, with M = 2) to the integration in x2, we obtain
(5.23) ‖ν̂λj ‖∞ .
1
λ
1/2
1
1
(λ2δ
−3/2
3 2
−4j)1/2
.
δ
3/4
3 2
2j
λ1
.
Next, from (5.20), we trivially obtain the following estimate for the L∞-norm of νλj :
(5.24) ‖νλj ‖∞ . λ2 ∼ λ1,
in Case 1 as well as in Case 2. All these estimates are uniform in δ, for δ sufficiently
small.
For each of the measures νλj , we can now obtain suitable restriction estimates by
applying the usual approach. Let us denote by Tδ,j the convolution operator
Tδ,j : ϕ 7→ ϕ ∗ ̂˜νδ,j,
and similarly by T λj the convolution operator
T λj : ϕ 7→ ϕ ∗ ν̂λj .
Formally, by (5.17), Tδ,j decomposes as
(5.25) Tδ,j =
∑
k∈N3
T 2
k
j ,
if 2k represents the vector 2k := (2k1 , 2k2, 2k3) (with a suitably modified definition of
T 2
k
j when one of the components ki is zero). If we denote by ‖T‖p→q the norm of T as
an operator from Lp to Lq, then clearly ‖T λj ‖1→∞ = ‖ν̂λj ‖∞ and ‖T λj ‖2→2 = ‖νλj ‖∞.
The estimates (5.22) - (5.24) thus yield the following bounds:
‖T λj ‖1→∞ .

λ
−1/2
1 , if 1 ≤ λ1 . δ3/23 24j ,
δ
3/4
3 2
2j
λ1
, if λ1 ≫ δ3/23 24j,
and ‖T λj ‖2→2 . λ1. Interpolating these estimates, and defining the critical interpolation
parameter θ = θc by 1/p
′
c = (1− θ)/∞+ θ/2 = θ/2, i.e.,
θ :=
1
p′c
,
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we find that
‖T λj ‖pc→p′c .
{
λ
3θ−1
2
1 , if 1 ≤ λ1 . δ3/23 24j ,
δ
3
4
(1−θ)
3 2
2(1−θ)jλ2θ−11 , if λ1 ≫ δ3/23 24j ,
(5.26)
where according to Remark 3.2
(5.27) θ =
{
m+1
3m+1
, if φ is of type A,
m+1
3m+2
, if φ is of type D.
Observe that in particular
(5.28)
1
3
< θ ≤ 3
7
,
and θ = 3/7 if and only if m = 2 and φ is of type A. The latter case will turn out to
be the most difficult one.
Observe next that the main contributions to the series (5.25) come from those dyadic
λ = 2k for which λ1 ∼ λ2 ∼
√
δ32
2jλ3. Under these relations, for λ1 given, λ2 and λ3
may only vary in a finite set whose cardinality is bounded by a fixed number. This
shows that, up to an easily bounded error term,
‖Tδ,j‖pc→p′c .
δ
3/2
3 2
4j∑
λ1=2
λ
3θ−1
2
1 +
∑
λ1>δ
3/2
3 2
4j
δ
3
4
(1−θ)
3 2
2(1−θ)jλ
(2θ−1)
1 .
Here, and in the sequel, summation over λ1, λ2 etc. means that we sum over dyadic
numbers λ1, λ2 etc. only. Now, by (5.28), 2θ− 1 < 0 and 0 ≤ 3θ− 1 ≤ 1, which yields
‖Tδ,j‖pc→p′c . δ
3
4
(3θ−1)
3 2
(3θ−1)2j .
Applying the usual T ∗T -argument, we thus need to prove that
δ
3
4
(3θ−1)
3 2
(3θ−1)2j ≤ C
√
δ3 2
2j(1− 2
p′c
)
in order to verify that the restriction estimate (5.12) holds true for p = pc = 2d + 2.
However, since 2/p′c = θ, the previous estimate is equivalent to
22j(4θ−2) ≤ Cδ
5−9θ
4
3 .
But, since 22jδ3 ≫ 1 and 2θ − 1 < 0, we see that 22j(4θ−2) ≤ C δ2−4θ3 , and therefore we
only have to verify that 2 − 4θ ≥ (5 − 9θ)/4, i.e., 7θ ≤ 3, which is true according to
(5.28).
This is obvious by (5.27), and we thus have verified the restriction estimate (5.8) in
this subcase.
There remains the case 22jδ3 ≤ C, where C is a fixed, possibly large constant.
30 I. A. IKROMOV AND D. MU¨LLER
Observe that the change of variables (x1, x2) 7→ (x1, x2+xm1 ω(δ1x1)) and subsequent
scaling in x2 by the factor 2
−j allows to re-write the measure νδ,j given by (5.7) as
〈νδ,j, f〉 = 2−j
∫
f
(
x1, 2
−jx2 + x
m
1 ω(δ1x1), 2
−2jφa(x, δ, j)
)
a(x, δ, j) dx,
where here
(5.29) φa(x, δ, j) := b˜(x1, 2
−jx2 + x
m
1 ω(δ1x1), δ1, δ2)x
2
2 + 2
2jδ3x
n
1β(δ1x1),
and
(5.30) a(x, δ, j) := χ1(φ
a(x, δ, j)) η(x1, 2
−jx2 + x
m
1 ω(δ1x1)).
Let us here introduce the re-scaled measure ν˜δ,j by
(5.31) 〈ν˜δ,j, f〉 :=
∫
f
(
x1, 2
−jx2 + x
m
1 ω(δ1x1), φ
a(x, δ, j)
)
a(x, δ, j) dx.
Then, it is easy to see by means of a scaling in the variable x3 by the factor 2
−2j
that the restriction estimate (5.8) for the measure νδ,j is equivalent to the following
restriction estimate for the measure ν˜δ,j :
(5.32)
∫
S
|f̂ |2 dν˜δ,j ≤ Cη 2(1−
4
p′c
)j ‖f‖2Lpc(R3) = Cη 2(1−2θ)j ‖f‖2Lpc(R3), f ∈ S(R3),
for all j ∈ N sufficiently big, say j ≥ j0, where the constant Cη does neither depend on
δ, nor on j.
In order to prove (5.32), we again distinguish two subcases.
5.2. The situation where 22jδ3 ≪ 1. Notice that here the phase φa(x, δ, j) is a
small perturbation of b˜(v, 0, 0)x22, where b˜(v, 0, 0) ∼ 1. This shows that also in the new
coordinates, x1 ∼ 1 ∼ x2 on the support of the amplitude a, which in return implies
(5.33) ∂2φ
a(x, δ, j) ∼ 1.
We can thus write
(5.34) ̂˜νδ,j(ξ) = ∫ e−iΦ(x,δ,j,ξ)a(x, δ, j)χ1(x1)χ1(x2) dx,
where the complete phase function Φ is now given by
(5.35) Φ(x, δ, j, ξ) := ξ3φ
a(x, δ, j) + 2−jξ2x2 + ξ2x
m
1 ω(δ1x1) + ξ1x1,
with φa given by (5.29), and where χ has similar properties as before
As in the previous subcase, we perform a Littlewood- Paley decomposition (5.17)
of the the measure ν˜δ,j in each coordinate and define the measure ν
λ
j by (5.18). Then
here we have
νλj (x) = λ1λ2λ3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ2(x2 − 2−jy2 − ym1 ω(δ1y1))
)
χˇ1
(
λ3(x3 − φa(y, δ, j))
)
a(y, δ, j)χ1(y1)χ1(y2) dy,(5.36)
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where fˇ denotes the inverse Fourier transform of f.
We begin by estimating the Fourier transform of νλj . To this end, we first integrate
in x2 in (5.34), and then in x1. We may assume that (5.19) holds true. Since then the
phase function Φ has no critical point in x2 unless λ3 ∼ 2−jλ2, and similarly in x1,
unless λ2 ∼ λ1, we shall concentrate on those νλj for which
(5.37) λ1 ∼ λ2 and 2−jλ2 ∼ λ3.
In all other cases, we obtain much faster Fourier decay estimates by repeated integra-
tions by parts, so that the corresponding terms can be considered as error terms.
1. Case: 1 ≤ λ1 ≤ 2j. In this case the phase function has essentially no oscillation in
the x2 variable. But, by applying van der Corput’s lemma (or the method of stationary
phase) in x1 we obtain in combination with (5.37) the estimate
(5.38) ‖ν̂λj ‖∞ .
1
λ
1/2
1
.
2. Case: λ1 > 2
j. Observe that in this case, our assumptions imply that δ32
2jλ3 ≪
λ3 ≪ λ2, if j ≥ j0 ≫ 1. Moreover, depending on the signs of the ξi, we may have
no critical point, or exactly one non-degenerate critical point, with respect to each of
the variables x2 and x1. So, integrating by parts, respectively applying the method of
stationary phase in the presence of a critical point, first in x2 and then in x1, we obtain
(5.39) ‖ν̂λj ‖∞ .
2j/2
λ1
.
Next, we estimate the L∞-norm of νλj . To this end, notice that (5.33) shows that we
may change coordinates in (5.36) by putting (z1, z2) := (y1, φ(y1, y2, δ, j)). Since the
Jacobian of this coordinate change is of order 1, we thus obtain that
|νλj (x)| . λ1λ2λ3
∫∫ ∣∣∣χˇ1(λ1(x1 − z1)) χˇ1(λ3(x3 − z2)) a˜(z, δ, j)∣∣∣ dz1 dz2,
hence
(5.40) ‖νλj ‖∞ . λ2 ∼ λ1,
in Case 1 as well as in Case 2.
For the operators Tδ,j and T
λ
j which appear in this subcase, the estimates (5.38) -
(5.40) thus yield the following bounds:
‖T λj ‖1→∞ .
{
λ
−1/2
1 , if 1 ≤ λ1 ≤ 2j,
2j/2λ−11 , if λ1 > 2
j,
and ‖T λj ‖2→2 . λ1. Interpolating these estimates, we find that
‖T λj ‖pc→p′c .
{
λ
3θ−1
2
1 , if 1 ≤ λ1 ≤ 2j,
2
1−θ
2
jλ2θ−11 , if λ1 > 2
j,
(5.41)
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where θ is again given by (5.27).
Now, in view of (5.37), the main contributions to the series (5.25) comes here from
those dyadic λ = 2k for which λ1 ∼ λ2 and 2−jλ2 ∼ λ3. Thus, up to an easily bounded
error term,
(5.42) ‖Tδ,j‖pc→p′c .
2j∑
λ1=2
λ
3θ−1
2
1 +
∞∑
λ1=2j+1
2
1−θ
2
jλ2θ−11 . 2
3θ−1
2
j ≤ 2(1−2θ)j ,
since, by (5.28) we have 2θ − 1 < 0 and (3θ − 1)/2 ≤ 1− 2θ.
This verifies the restriction estimate (5.32) and thus concludes the proof of Proposi-
tion 5.1 also in this subcase.
5.3. The situation where 22jδ3 ∼ 1. Notice that here we can no longer conclude
that x2 ∼ 1 on the support of the amplitude a(x, δ, j), only that |x2| . 1, whereas still
x1 ∼ 1. Observe also that here the cases A∞ and D∞ are excluded, since in these cases
δ3 = 0.
Putting σ := 22jδ3, and b
♯(x, δ, j) := b˜(x1, 2
−jx2+x
m
1 ω(δ1x1), δ1, δ2), we may re-write
the complete phase in (5.35) as
Φ(x, δ, j, ξ) = ξ1x1 + ξ2x
m
1 ω(δ1x1) + ξ3σx
n
1β(δ1x1)
+2−jξ2x2 + ξ3b
♯(x, δ, j) x22,(5.43)
where σ ∼ 1 and |b♯(x, δ, j)| ∼ 1, and (5.36) as
νλj (x) = λ1λ2λ3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ2(x2 − 2−jy2 − ym1 ω(δ1y1))
)
χˇ1
(
λ3(x3 − b♯(y, δ, j) y22 − σyn1β(δ1y1))
)
a(y, δ, j) dy.(5.44)
Here, we have suppressed the dependence on the parameter σ in order to defray the
notation. Observe also that we then may drop the parameter δ3 from the definition of
δ, i.e., we may assume that δ = (δ1, δ2), since only σ depends on δ3. Recall from that
(5.30) that a(y, δ, j) is supported where y1 ∼ 1 and |y2| . 1.
Since
∣∣∣ ∫ χˇ1(λ3(c− t2)) dt∣∣∣ ≤ Cλ−1/23 , with a constant C which is independent of c,
making use of the localizations given for the integration in y2 from the third factor,
respectively second, factor, and then for the integration in y1 by the first factor in the
integrand, it is easy to see that
(5.45) ‖νλj ‖∞ . min{λ2λ1/23 , 2jλ3, } = λ1/23 min{λ2, 2jλ1/23 } .
Let us again assume (5.19). We shall first integrate in x1 in order to estimate ν̂λj (ξ).
If one of the quantities λ1, λ2 and λ3 is much bigger than the two other ones, we see that
we have no critical point on the support of the amplitude, so that the corresponding
terms can again be viewed as error terms. Let us therefore assume that all three are
of comparable size, or two of them are of comparable size, and the third one is much
smaller. We shall begin with the latter situation, and distinguish various possibilities.
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1. Case: λ1 ∼ λ3 and λ2 ≪ λ1. In this case, we apply the method of stationary
phase to the integration in x1, and subsequently van der Corput’s estimate to the
x2-integration and obtain ‖ν̂λj ‖∞ . λ−1/21 λ−1/23 ∼ λ−11 .
1.1. The subcase where λ2 ≤ 2jλ1/21 . Then, by (5.45), ‖νλj ‖∞ . λ2λ1/21 , and we
obtain in a similar way as before by interpolation that
‖T λj ‖pc→p′c . λ
3θ−2
2
1 λ
θ
2.
Here, 3θ−2
2
< 0, because of (5.28). Note next that if 2jλ
1/2
1 ≤ λ1, i.e., if λ1 ≥ 22j , then
by our assumptions λ2 ≤ 2jλ1/21 , and if λ1 < 22j , then λ2 ≤ λ1. We thus find that the
contribution T Iδ,j of the operators T
λ
j with λ satisfying the assumptions of this subcase
to Tδ,j can be estimated by
‖T Iδ,j‖pc→p′c .
22j∑
λ1=2
λ1∑
λ2=2
λ
3θ−2
2
1 λ
θ
2 +
∞∑
λ1=22j+1
2jλ
1/2
1∑
λ2=2
λ
3θ−2
2
1 λ
θ
2
.
22j∑
λ1=2
λ
5θ−2
2
1 +
∞∑
λ1=22j+1
2θjλ2θ−11 .
But, we have seen that 2θ − 1 < 0, so that
‖T Iδ,j‖pc→p′c . max{j, 2(5θ−2)j}.
Now, if 5θ−2 > 0, then, again because of (5.28), ‖T Iδ,j‖pc→p′c . 2(5θ−2)j ≤ 2(1−2θ)j . And,
if 5θ − 2 ≤ 0, then ‖T Iδ,j‖pc→p′c . j . 2(1−2θ)j , i.e.,
(5.46) ‖T Iδ,j‖pc→p′c . 2(1−2θ)j .
1.2. The subcase where λ2 > 2
jλ
1/2
1 . Then, by (5.45), ‖νλj ‖∞ . 2jλ1, and we
obtain in a similar way as before by interpolation that
‖T λj ‖pc→p′c . 2θjλ2θ−11 .
Observing that we have 2jλ
1/2
1 < λ2 ≤ λ1, and then also λ1 > 22j, we see that the
contribution T IIδ,j of the operators T
λ
j with λ satisfying the assumptions in this subcase
to Tδ,j can be estimated by
‖T IIδ,j‖pc→p′c . 2θj
∞∑
λ1=22j
∑
2jλ
1/2
1 <λ2≤λ1
λ2θ−11 . 2
θj
∞∑
λ1=22j
(log2 λ1 − 2j) λ2θ−11
. 2θj
∞∑
k=2j
(k − 2j) 2(2θ−1)k . 2(5θ−2)j
∞∑
k=0
k 2(2θ−1)k . 2(5θ−2)j ,
so that also
(5.47) ‖T IIδ,j‖pc→p′c . 2(1−2θ)j .
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2. Case: λ2 ∼ λ3 and λ1 ≪ λ2. Here, we can estimate ν̂λj in the same way as in
the previous case and obtain ‖ν̂λj ‖∞ . λ−1/22 λ−1/23 ∼ λ−12 . Moreover, by (5.45), we have
‖νλj ‖∞ . λ2min{λ1/22 , 2j}. Both these estimates are independent of λ1. We therefore
consider the sum over all νλj such that λ1 ≪ λ2, by putting σλ2,λ3j :=
∑
λ1≪λ2
νλj . This
means that
σ̂λ2,λ3j (ξ) = χ0
( ξ1
λ2
)
χ1
( ξ2
λ2
)
χ1
( ξ3
λ3
) ̂˜νδ,j(ξ),
where now χ0 is smooth and compactly supported in an interval [−ε, ε], where ε > 0 is
sufficiently small. In particular, σλ2,λ3j (x) is given again by the expression (5.44), only
with the first factor χˇ1
(
λ1(x1− y1)
)
in the integrand replaced by χˇ0
(
λ2(x1− y1)
)
and
λ1 replaced by λ2. Thus we obtain the same type of estimates
(5.48) ‖σ̂λ2,λ3j ‖∞ . λ−12 , ‖σλ2,λ3j ‖∞ . λ2min{λ1/22 , 2j}.
Denote by T λ2,λ3j the operator of convolution with σ̂
λ2,λ3
j .
2.1. The subcase where λ2 ≤ 22j . Then we have ‖σλ2,λ3j ‖∞ . λ3/22 , and interpo-
lating this with the first estimates in (5.48), we obtain
‖T λ2,λ3j ‖pc→p′c . λθ−12 λ
3
2
θ
2 = λ
5θ−2
2
2 .
We thus find that the contribution T IIIδ,j of the operators T
λ
j with λ satisfying the
assumptions of this subcase to Tδ,j can be estimated by
‖T IIIδ,j ‖pc→p′c .
22j∑
λ2=2
λ
5θ−2
2
2 .
Arguing in a similar way as in Sub-case 1.1, this implies that
(5.49) ‖T IIIδ,j ‖pc→p′c . 2(1−2θ)j .
2.2. The subcase where λ2 > 2
2j. Then, by (5.48), ‖σλ2,λ3j ‖∞ . 2jλ2, and we
obtain in a similar way as before by interpolation that
‖T λ2,λ3j ‖pc→p′c . λθ−12 2θjλθ2 = 2θjλ2θ−12 ,
where, according to (5.28), 2θ − 1 < 0. We thus find that the contribution T IVδ,j of the
operators T λj with λ satisfying the assumptions of this subcase to Tδ,j can be estimated
by
‖T IVδ,j ‖pc→p′c . 2θj
∞∑
λ2=22j
2θjλ2θ−12 . 2
(5θ−2)j .
As before, this implies that
(5.50) ‖T IVδ,j ‖pc→p′c . 2(1−2θ)j .
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3. Case: λ1 ∼ λ2 and λ3 ≪ λ1. Notice that the phase Φ has no critical point
with respect to x2 when 2
−jλ2 ≫ λ3, so that we shall concentrate on the case where
λ2 . 2
jλ3. Then we can estimate ν̂λj in the same way as in the previous cases and
obtain
(5.51) ‖ν̂λj ‖∞ . λ−1/21 λ−1/23 .
3.1. The subcase where λ
1/2
3 & λ12
−j. Then (2−jλ1)
2 . λ3 ≪ λ1 and hence we
may assume that λ1 ≤ 22j , and from (5.45) and the previous estimate for ν̂λj we obtain
by interpolation
‖T λj ‖pc→p′c . λ
3θ−1
2
1 λ
2θ−1
2
3 .
We thus find that the contribution T Vδ,j of the operators T
λ
j with λ satisfying the as-
sumptions of this subcase to the operator Tδ,j can be estimated by
‖T Vδ,j‖pc→p′c .
22j∑
λ1=2
∑
(2−jλ1)2.λ3≪λ1
λ
3θ−1
2
1 λ
2θ−1
2
3 . 2
(1−2θ)j
22j∑
λ1=2
λ
7θ−3
2
1
(recall that 2θ − 1 < 0, according to (5.28)). If θ < 3/7, this implies the desired
estimate
(5.52) ‖T Vδ,j‖pc→p′c . 2(1−2θ)j ( if θ <
3
7
)
However, if θ = 3/7, i.e., if φ is of finite type A and m = 2, we only get the estimate
(5.53) ‖T Vδ,j‖pc→p′c . j2(1−2θ)j .
In order to improve on this estimate, we shall have to apply a complex interpolation
argument. There will be a few more cases which require such an interpolation argument,
and we shall collect all of them in Section 8. We also remark that∑
2≤λ1.2j
∑
(2−jλ1)2.λ3≪λ1
λ
3θ−1
2
1 λ
2θ−1
2
3 . 2
3θ−1
2
j . 2(1−2θ)j ,
so that we only need to control the terms with λ1 ≫ 2j.
3.2. The subcase where λ
1/2
3 ≪ λ12−j . Then we have
λ3 ≪ min{λ1, (2−jλ1)2},
which implies that necessarily λ1 ≫ 2j , and interpolation yields in this case that
‖T λδ,j‖pc→p′c . 2θjλ
− (1−θ)
2
1 λ
3θ−1
2
3 .
First, assume that λ1 > 2
2j . Then λ1 = min{λ1, (2−jλ1)2}, so that we shall use
that λ3 ≪ λ1. Denoting by T V I,1δ,j the sum of the operators T λj with λ satisfying the
assumptions of this subcase and λ1 > 2
2j, and recalling that 3θ−1 > 0 and 2θ−1 < 0,
we see that
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(5.54) ‖T V I,1δ,j ‖pc→p′c . 2θj
∞∑
λ1=22j
λ1∑
λ3=2
λ
−
(1−θ)
2
1 λ
3θ−1
2
3 . 2
(5θ−2)j ≤ 2(1−2θ)j .
There remains the case where 2j ≪ λ1 ≤ 22j. Then λ3 ≪ (2−jλ1)2. Denoting by
T V I,2δ,j the sum of the operators T
λ
j with λ satisfying the assumptions of this subcase
and 2j ≪ λ1 ≤ 22j , and recalling that 3θ − 1 > 0 and 2θ − 1 < 0, we see that
(5.55) ‖T V I,2δ,j ‖pc→p′c . 2θj
22j∑
λ1=2j
(2−jλ1)2∑
λ3=2
λ
−
(1−θ)
2
1 λ
3θ−1
2
3 . 2
(1−2θ)j
22j∑
λ1=2
λ
(7θ−3)
2
1 . 2
(1−2θ)j ,
provided θ < 3/7. If θ = 3/7, we pick up an additional factor j as in (5.53):
(5.56) ‖T V I,2δ,j ‖pc→p′c . j2
1
7
j = j2(1−2θ)j .
In order to improve on this estimate, we shall have to apply again a complex interpo-
lation argument (cf. Section 8).
What is left is
4. Case: λ1 ∼ λ2 ∼ λ3. We can here first apply the method of stationary phase
to the integration in x2. This produces a phase function in x1, which is of the form
φ1(x1) = ξ1x1+ξ2(ω(0)x
m
1 +error)+ξ3(σβ(0)x
n
1+error), with small error terms of order
O(|δ|+2−j).We assume again that (5.19) holds true. Then φ1 has a singularity of Airy
type, which implies that the oscillatory integral with phase φ1 that we have arrived at
decays of order O(|λ|−1/3). Indeed, we have n ≥ 2m+ 1 and m ≥ 2, and since x1 ∼ 1,
it is easy to see by studying the linear system of equations yj = φ
(j)
1 (x1), j = 1, 2, 3,
that there exist constants 0 < c1 ≤ c2 which do not depend on ξ and x1 ∼ 1 such that
c1|ξ| ≤
3∑
j=1
|φ(j)1 (x1)| ≤ c2|ξ|.
Thus, our claim follows from Lemma 2.2. We thus find that
‖ν̂λj ‖∞ . λ−5/61 .
4.1. The subcase where λ1 > 2
2j. Then, by (5.45) ‖νλj ‖∞ . 2jλ1, and we obtain
‖T λj ‖pc→p′c . 2θjλ
11θ−5
6
1 .
The estimates in (5.28) show that 11θ − 5 < 0, which implies that the contribution
T V IIδ,j of the operators T
λ
j with λ satisfying the assumptions of this subcase to Tδ,j can
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again be estimated by
(5.57) ‖T V IIδ,j ‖pc→p′c .
∞∑
λ1=22j
2θjλ
11θ−5
6
1 . 2
14θ−5
3
j . 2(1−2θ)j ,
provided that θ ≤ 2/5. According to (5.27), this is true, with the only exception of the
case where φ is of type A and m = 2.
Observe also that if m = 2, then θ = 3/7 and p′c = 14/3, so that ‖T λj ‖pc→p′c .
23j/7λ
−1/21
1 , and ∑
λ1>26j
2
3j
7 λ
− 1
21
1 . 2
j
7 = 2(1−2θ)j .
This leaves open the sum over the terms with λ1 ≤ 26j , in the case where φ is of type
A and m = 2.
4.2. The subcase where λ1 ≤ 22j . Then, by (5.45) ‖νλj ‖∞ . λ3/21 , and we obtain
‖T λj ‖pc→p′c . λ
14θ−5
6
1 .
We thus find that the contribution T V IIIδ,j of the operators T
λ
j with λ satisfying the
assumptions of this subcase to Tδ,j can be estimated by
‖T V IIIδ,j ‖pc→p′c .
22j∑
λ1=2
λ
14θ−5
6
1 .
If 14θ − 5 ≤ 0, then we immediately obtain the desired estimate ‖T V IIIδ,j ‖pc→p′c . j .
2(1−2θ)j , so assume that 14θ − 5 > 0. Then ‖T V IIIδ,j ‖pc→p′c . 2
14θ−5
3
j , and arguing as
before (compare (5.57)), we see that
(5.58) ‖T V IIIδ,j ‖pc→p′c . 2(1−2θ)j ,
unless φ is of type A and m = 2. But, recall that the case A∞ was excluded here, so
that φ is of type An−1, with finite n ≥ 5 (compare Proposition 3.1).
The estimates (5.46) - (5.52), (5.54) -(5.55), (5.57) and (5.58) show that estimate
(5.32) holds true also in the situation of this subsection, which completes the proof
of Proposition 5.1, with the exception of the case where φ is of type An−1, with finite
n ≥ 5 and m = 2, in which we still need to improve on the estimates (5.53) and (5.56)
in the Sub-cases 3.1 and 3.2, and moreover need to find stronger estimates for the cases
where λ1 ∼ λ2 ∼ λ3 when λ1 ≤ 26j . Observe also that in Case 3, we have that λ1 ∼ λ2,
and thus we may assume that λ2 = 2
Kλ1, where K is from a finite set of integers.
This allows to assume that λ2 = 2
Kλ1, for a given, fixed integer K, and for the sake
of simplicity, we shall even assume that K = 0, so that λ1 = λ2 (the other cases can
be treated in exactly the same way). In a similar way, we may and shall assume that
λ1 = λ2 = λ3 in Case 4. Thus, in order to complete the proof of Proposition 5.1, and
hence that of Theorem 1.7 when h lin(φ) < 2, what remains to prove is the following
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Proposition 5.2. Assume that φ is of type An−1, with m = 2 and finite n ≥ 5, so that
p′c = 14/3 and θ := 2/p
′
c = 3/7. Then the following hold true, provided j,M ∈ N are
sufficiently large and δ is sufficiently small:
(a) Let
νVδ,j :=
22j∑
λ1=2M+j
2−Mλ1∑
λ3=(2−M−jλ1)2
ν
(λ1,λ1,λ3)
j ,
and denote by T Vδ,j the convolution operator ϕ 7→ ϕ ∗ ν̂Vδ,j. Then
(5.59) ‖T Vδ,j‖ 14
11
→ 14
3
≤ C 2 j7 .
(b) Let
νV Iδ,j :=
22j∑
λ1=2M+j
(2−M−jλ1)2∑
λ3=2
ν
(λ1,λ1,λ3)
j ,
and denote by T V Iδ,j the convolution operator ϕ 7→ ϕ ∗ ν̂V Iδ,j . Then
(5.60) ‖T V Iδ,j ‖ 14
11
→ 14
3
≤ C 2 j7 .
(c) Let
νV IIδ,j :=
26j∑
λ1=2
ν
(λ1,λ1,λ1)
j ,
and denote by T V IIδ,j the convolution operator ϕ 7→ ϕ ∗ ν̂V IIδ,j . Then
(5.61) ‖T V IIδ,j ‖ 14
11
→ 14
3
≤ C 2 j7 .
Here, the constant C does neither depend on δ, nor on j.
Remark 5.3. If φ is of type An−1 and m = 2, it will often be convenient in the sequel
to augment our former vector δ = (δ1, δ2) by the parameter
δ0 := 2
−j ≪ 1,
i.e., we re-define δ to become δ := (δ0, δ1, δ2). Observe that according to (5.5) and
(5.43), we may then re-write in (5.44) b♯(y, δ1, δ2, j) = b0(y, δ) := b
a(δ1y1, δ0δ2y2),
where ba(y1, y2) := b(y1, y2 + y
m
1 ω(y1)) expresses b in adapted coordinates.
Then, by (5.44), we may write
νλj (x) =: ν
λ
δ (x) = λ1λ2λ3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ2(x2 − δ0y2 − ym1 ω(δ1y1))
)
χˇ1
(
λ3(x3 − b0(y, δ) y22 − σyn1β(δ1y1))
)
η(y, δ) dy,(5.62)
where η ∈ C∞(R2 × R3) is supported where y1 ∼ 1 and |y2| . 1 (and, say, |δ| ≤ 1),
and where χ1 is a smooth cut-off function supported near 1. Notice that the measure ν
λ
δ
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indeed also depends on σ ∼ 1, but we shall suppress this dependency in order to defray
the notation.
The proof of the first two parts of Proposition 5.2 will be based on a complex inter-
polation argument, whereas the proof of part (c) will in addition require substantially
more refined estimations, making use of the fact that ν̂λj (ξ) is large on a small neigh-
borhood of some “Airy cone” only.
We shall therefore defer the discussion of our complex interpolation arguments which
are needed in order to cover the endpoint cases to the Sections 7 and 8, and first continue
to outline the Airy type analysis which is needed in order to narrow down the large
gap between the desired estimate and the actual estimate given by (5.57) in the case
where φ is of type A and m = 2.
6. On Proposition 5.2(c): Airy type analysis
In order to prove estimate (5.60) in Proposition 5.2, we recall that σ ∼ 1, and that
we are assuming that
2 ≤ λ1 = λ2 = λ3 ≤ 26j .
In order to defray the notation, we shall in the sequel denote by λ the common value
of λ1 = λ2 = λ3, and put
(6.1) s1 :=
ξ1
ξ3
, s2 :=
ξ2
ξ3
, s3 :=
ξ3
λ
,
so that |s1| ∼ |s2| ∼ |s3| ∼ 1 and
ξ = λs3(s1, s2, 1).
In view of the special role s3 will play, we shall write
s := (s1, s2, s3), s
′ := (s1, s2).
Correspondingly, we shall re-write
(6.2) Φ(x, δ1, δ2, j, ξ) = λs3Φ˜(x, δ, σ, s1, s2),
where
Φ˜(x, δ, σ, s1, s2) := s1x1 + s2x
2
1ω(δ1x1) + σx
n
1β(δ1x1)
+δ0s2x2 + x
2
2b0(x, δ).(6.3)
Recall also that ω(0) 6= 0, β(0) 6= 0, and b0(x, 0) = b(0, 0) 6= 0.
According to (5.62), we then have
ν̂λj (ξ) = ν̂
λ
δ (ξ) = χ1(s1s3)χ1(s2s3)χ1(s3)
∫
e−iλs3Φ˜(x,δ,σ,s1,s2) a˜(x, δ) dx,
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where the amplitude a˜(x, δ) := a(x, δ)χ1(x1)χ0(x2) (compare (5.62)) is a smooth func-
tion of x supported where x1 ∼ 1 and |x2| . 1, whose derivatives are uniformly bounded
with respect to the parameters δ. Moreover, if T λδ denotes the convolution operator
T λδ ϕ := ϕ ∗ ν̂λδ ,
then we see that the estimate (5.60) can be re-written as
(6.4)
∥∥∥ ∑
2≤λ≤δ−60
T λδ
∥∥∥
14
11
→ 14
3
≤ C δ−
1
7
0
We shall need to understand the precise behavior of ν̂λδ (ξ). To this end, consider the
integration with respect to x2 in the corresponding integral. Notice that there always
is a critical point xc2 with respect to x2. Writing x2 = δ0s2y2, and applying the implicit
function theorem to y2, we find that
(6.5) xc2 = δ0s2Y2(δ1x1, δ2, δ0s2),
where Y2 is smooth and of size |Y2| ∼ 1. Notice also that Y2(0, 0, 0) = −1/(2b(0, 0))
when δ = 0. Let us put
(6.6) Ψ(x1, δ, σ, s1, s2) := Φ˜(x1, x
c
2, σ, s1, s2) = Φ˜(x1, δ0s2Y2(δ1x1, δ2, δ0s2), σ, s1, s2).
Applying the method of stationary phase with parameters to the x2- integration (see,
e.g., [27]) and ignoring the region away from the critical point xc1, which leads to better
estimates by means of integrations by parts, we find that we may assume that
(6.7) ν̂λδ (ξ) = λ
−1/2χ1(s1s3)χ1(s2s3)χ1(s3)
∫
e−iλs3Ψ(y1,δ,σ,s
′) a0(y1, s
′, δ; λ)χ1(y1) dy1 ,
where χ1 is a smooth cut-off function supported, say, in the interval [1/2, 2].
Moreover, a0(y1, s
′, δ; λ) is smooth and uniformly a classical symbol of order 0 with
respect to λ. By this we mean that it is a classical symbol of order zero for every given
parameter (here these are y1, s1, s2 and δ), and the constants in the symbol estimates
are uniformly controlled for these parameters. It will be important to observe that this
implies that ∂
∂λ
a0(y1, s
′, δ; λ) is even a symbol of order −2 with respect to λ, uniformly
in y1, s
′, δ (the latter property will become relevant later!).
We shall need more precise information on the phase Ψ. Indeed, in the subsequent
lemmata, we shall establish two different presentations of Ψ, both of which will become
relevant.
Lemma 6.1. For |x1| . 1, we may write
Ψ(x1, δ, σ, s1, s2) = s1x1 + s2x
2
1ω(δ1x1) + σx
n
1β(δ1x1) + (δ0s2)
2Y3(δ1x1, δ2, δ0s2),
where Y3 is smooth and Y3(δ1x1, δ2, δ0s2) = c0 +O(|δ|), with c0 := −1/4b(0, 0) 6= 0.
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Proof. We have
Ψ(x1, δ, σ, s1, s2) = s1x1 + s2x
2
1ω(δ1x1) + σx
n
1β(δ1x1) + δ0s2x
c
2 + (x
c
2)
2b0(x1, x
c
2, δ),
so that, by definition,
Y3(δ1x1, δ2, δ0s2) := Y2(δ1x1, δ2, δ0s2) + Y2(δ1x1, δ2, δ0s2)
2b0(x1, x
c
2, δ)
where for δ = 0 we have
Y3(0, 0, 0) = Y2(0, 0, 0) + Y2(0, 0, 0)
2b0(0, 0, 0) = − 1
4b(0, 0)
6= 0,
because Y2(0, 0, 0) = −1/(2b(0, 0)). Q.E.D.
Next, we shall verify that Ψ has indeed a singularity of Airy type with respect to
the variable x1. To this end, let us first consider the case where δ = 0. Then
Ψ(x1, 0, σ, s1, s2) := s1x1 + s2x
2
1ω(0) + σx
n
1β(0),
and depending again on the signs of s2ω(0) and β(0), the first derivative (with respect
to x1)
Ψ′(x1, 0, σ, s1, s2) = s1 + 2s2ω(0)x1 + nσβ(0)x
n−1
1
may have a critical point, or not. If not, Ψ will have at worst non-degenerate critical
points, and this case can be treated again by the method of stationary phase, respec-
tively integrations by parts. We shall therefore concentrate on the case where Ψ′ does
have a critical point xc1, which will then be given explicitly by
xc1 = x
c
1(0, σ, s2) :=
(
− 2ω(0)
n(n− 1)σβ(0) s2
) 1
n−2
.
Let us assume that s2 > 0 (the case where it is negative can be treated similarly). By
scaling in x1, we may and shall assume for simplicity that
(6.8) − 2ω(0)
n(n− 1)σβ(0) = 1 (and s2 ∼ 1).
Then xc1(0, σ, s2) = s
1
n−2
2 , and |Ψ′′′(xc1, 0, σ, s1, s2)| ∼ 1. Thus, the implicit func-
tion theorem shows that for δ sufficiently small, there is a unique critical point xc1 =
xc1(δ, σ, s2) of Ψ
′ depending smoothly on δ, σ and s2, i.e.,
(6.9) Ψ′′(xc1(δ, σ, s2), δ, σ, s1, s2) = 0.
Lemma 6.2. The phase Ψ given by (6.6) can be developed locally around the critical
point xc1 of Ψ
′ in the form
Ψ(xc1(δ, σ, s2) + y1, δ, σ, s1, s2) = B0(s
′, δ, σ)−B1(s′, δ, σ)y1 +B3(s2, δ, σ, y1)y31,
where B0, B1 and B3 are smooth functions, and where |B3(s2, δ, σ, y1)| ∼ 1, and indeed
B3(s2, δ, σ, 0) = s
n−3
n−2
2 G4(s2, δ, σ),
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where G4 is smooth and satisfies
G4(s2, 0, σ) =
n(n−1)(n−2)
6
σβ(0).
Moreover, we may write
(6.10)

xc1(δ, σ, s2) = s
1
n−2
2 G1(s2, δ, σ),
B0(s
′, δ, σ) = s1s
1
n−2
2 G1(s2, δ, σ)− s
n
n−2
2 G2(s2, δ, σ),
B1(s
′, δ, σ) = −s1 + s
n−1
n−2
2 G3(s2, δ, σ),
with smooth functions G1, G2 and G3 satisfying
(6.11)

G1(s2, 0, σ) = 1,
G2(s2, 0, σ) =
n2−n−2
2
σβ(0),
G3(s2, 0, σ) = n(n− 2)σβ(0).
Notice that all the numbers in (6.11) are non-zero, since we assume n ≥ 5.
Proof. The first statements in (6.10), (6.11) are obvious. Next, by (6.6) and (6.5) we
have
B0(s
′, δ, σ) = Ψ(xc1(δ, σ, s2), δ, σ, s1, s2) = s1s
1
n−2
2 G1(s2, δ, σ)
+s
n
n−2
2
(
G1(s2, δ, σ)
2ω(δ1x
c
1) + σG1(s2, δ, σ)
nβ(δ1x
c
1) + δ
2
0s
n−4
n−2
2 Y3(δ1x
c
1, δ2, δ0s2)
)
,
where xc1 is given by the first identity in (6.10). In combination with (6.8), we thus
obtain the second identity in (6.10) and the third in (6.11), because s2 ∼ 1.
Similarly,
−B1(s′, δ, σ) = Ψ′(xc1(δ, σ, s2), δ, σ, s1, s2)
= s1 + 2s2x
c
1ω(δ1x
c
1) + nσ(x
c
1)
n−1β(δ1x
c
1) +O(|δ|),
which in view of (6.8) easily implies the last identities in (6.10) and (6.11). Finally,
when y1 = 0, then
6B3(s2, δ, σ, 0) = Ψ
′′′(xc1(δ, σ, s2), δ, σ, s1, s2) = n(n− 1)(n− 2)σβ(0)(xc1)n−3 +O(|δ|),
which shows that |B3(s2, δ, σ, y1)| ∼ 1 for |y1| sufficiently small. Q.E.D.
Translating the coordinate y1 in (6.7) by x
c
1, Lemma 6.2 then allows to re-write (6.7)
also in the following form:
ν̂λδ (ξ) = λ
−1/2χ1(s1s3)χ1(s2s3)χ1(s3) e
−iλs3B0(s′,δ,σ)∫
e
−iλs3
(
B3(s2,δ,σ,y1)y31−B1(s
′,δ,σ)y1
)
a0(y1, s
′, δ; λ)χ0(y1) dy1 .(6.12)
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Here, χ0 is a smooth cut-off function supported in sufficiently small neighborhood
of the origin, and a0(y1, s
′, δ; λ) is again a smooth function (possible different from the
one in (6.7)), which is uniformly a classical symbol of order 0 with respect to λ.
We shall make use of the following, more or less classical lemma, respectively varia-
tions of it, in the case of Airy type integrals, i.e., when B = 3 (compare for instance
Lemma 1 in [23], or [9] for related results). The case of general B ≥ 3 will become rel-
evant in [19]. Since we need somewhat more refined results than what can be found in
the literature, for instance information on the asymptotic behavior also under certain
perturbations, we shall sketch a proof.
Lemma 6.3. Let B ≥ 3 be an integer, and let
J(λ, u, s) :=
∫
R
eiλ(b(t,s)t
B−ut−
∑B−1
j=2 bj(u)t
j ) a(t, s) dt, λ ≥ 1, u ∈ R, |u| . 1,
where a, b are smooth, real-valued functions of (t, s) on an open neighborhood of I×K,
where I is a compact neighborhood of the origin in R and K is a compact subset of
Rm. The functions bj are assumed to be real-valued and smooth too. Assume also that
b(t, s) 6= 0 on I ×K, that |t| ≤ ε on the support of a, and that
|bj(u)| ≤ C|u|, j = 2, . . . , B − 1.
If ε > 0 is chosen sufficiently small and λ sufficiently large, then the following hold
true:
(a) If λ(B−1)/B |u| . 1, then
J(λ, u, s) = λ−
1
B g(λ
B−1
B u, λ, s),
where g(v, λ, s) is a smooth function of (v, λ, s) whose derivates of any order
are uniformly bounded on its natural domain.
(b) If λ(B−1)/B |u| ≫ 1, let us assume first that u and b have the same sign, and
that B is odd. Then
J(λ, u, s) = λ−
1
2 |u|− B−22B−2 χ0
(u
ε
)
×
(
a+(|u| 1B−1 , s) eiλ|u|
B
B−1 q+(|u|
1
B−1 ,s) + a−(|u| 1B−1 , s) eiλ|u|
B
B−1 q−(|u|
1
B−1 ,s)
)
+(λ|u|)−1E(λ|u| BB−1 , |u| 1B−1 , s),
where a±, q± are smooth functions, and where E is smooth and satisfies esti-
mates
|∂αµ∂βv ∂γsE(µ, v, s)| ≤ CN,α,β,γ|v|−β|µ|−N , ∀N,α, β, γ ∈ N.
Moreover, when |u| is sufficiently small, then
q±(v, s) = ∓sgn b(0, s)|b(0, s)| 1B−1 ρ(v, s),
where ρ is smooth and ρ(0, s) = (B − 1) · B−B/(B−1).
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Finally, if u and b have opposite signs, then the same formula remains valid,
even with a+ ≡ 0, a− ≡ 0. And, if B is even, we do have a similar result, but
without the presence of the term containing a−.
Proof. In the case (a), scaling in t by the factor λ−1/B allows to re-write
J(λ, u, s) = λ−
1
B
∫
ei(b(λ
− 1
B t,s)tB−λ
B−1
B ut−
∑B−1
j=2 λ
B−j
B bj(u)tj) a(λ−
1
B t, s) dt.
Choose a smooth cut-off function χ0 on R which is identically one on [−1, 1], and
M ≫ 1, and decompose
λ
1
BJ(λ, u, s) = G0(λ
B−1
B u, λ, s) +G∞(λ
B−1
B u, λ, s),
where, for |v| . 1,
G0(v, λ, s) :=
∫
ei(b(λ
− 1
B t,s)tB−vt−
∑B−1
j=2 λ
B−j
B bj(λ
1−B
B v)tj ) χ0(
t
M
)a(λ−
1
B t, s) dt,
G∞(v, λ, s) :=
∫
ei(b(λ
− 1
B t,s)tB−vt−
∑B−1
j=2 λ
B−j
B bj(λ
1−B
B v)tj ) (1− χ0( tM )) a(λ−
1
B t, s) dt.
Notice that for j ≥ 2,
|λB−jB bj(λ 1−BB v)| ≤ Cλ
B−j
B λ
1−B
B |v| . λ− 1B .
It is then easy to see that G0 is a smooth function of (v, λ, s) whose derivates of any
order are uniformly bounded on its natural domain, and the same can easily be verified
for G∞ by means of iterated integrations by parts. This proves (a).
In order to prove (b), consider first the case where |u| ≥ ε. If Φ = Φ(t) denotes the
complete phase in the oscillatory integral defining J(λ, u, s), recalling that |t| ≤ ε, we
easily see that
|Φ′(t)| ≥ Cλ|u|,
provided we choose ε sufficiently small. Integrations by parts then show that we can
represent J(λ, u, s) by the third term (λ|u|)−1E(λ|u| BB−1 , |u| 1B−1 , λ, s).
Let us therefore assume that |u| < ε.We shall also assume that u > 0; the case u < 0
can be treated in a similar way. Here, we scale t by the factor u1/(B−1), and re-write
J(λ, u, s) = u
1
B−1
∫
eiλu
B
B−1) (b(u
1
B−1 t,s)tB−t−
∑B−1
j=2 u
−
B−j
B−1 bj(u)tj ) a(u
1
B−1 t, s) dt.
Again, we decompose this as
J(λ, u, s) = J0(λ, u
1
B−1 , s) + J∞(λ, u
1
B−1 , s),
where, with v := u
1
B−1 ,
J0(λ, v, s) := v
∫
eiλv
B(b(vt,s)tB−t−
∑B−1
j=2 v
−(B−j)bj(vB−1)tj) χ0(
t
M
) a(vt, s) dt,
J∞(λ, v, s) := v
∫
eiλv
B(b(vt,s)tB−t−
∑B−1
j=2 v
−(B−j)bj(vB−1)tj) (1− χ0( tM )) a(vt, s) dt.
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Observe that
|v−(B−j)bj(vB−1)| ≤ Cvj−1 . ε 1B−1 , j = 2, . . . , B − 1.
Assume that ε is sufficiently small. If B is odd, then, in the first integral J0, the phase
has exactly two non-degenerate critical points t±(v, s) ∼ ±1, if b > 0, and thus the
method of stationary phase shows that
J0(λ, v, s) = v(λv
B)−
1
2a+(v, s)e
iλvBq+(v,s)+v(λvB)−
1
2a−(v, s)e
iλvBq−(v,s)+vE1(λv
B, v, s),
where a± are smooth functions, and where E1 is smooth and rapidly decaying with
respect to the first variable. If b < 0, then there are no critical points, and we get the
term E1 only. Moreover,
q±(v, s) = b(vt±(v, s), s)t±(v, s)
B − t±(v, s) +O(v).
Note that if v = 0, then t±(0, s) = ±(Bb(0, s))−1/(B−1), so that
q±(0, s) = ∓ B − 1
B
B
B−1 b(0, s)
1
B−1
6= 0,
which proves the statement about q±. A similar discussion applies when B is even. In
this case, there is only one critical point, namely t+(v, s).
In the second integral J∞, we may apply integrations by parts in order to re-write
it as
J∞(λ, v, s) := v(λv
B)−N
∫
eiλv
B(b(vt,s)tB−t−
∑B−1
j=2 v
−(B−j)bj(vB−1)tj ) aN(t, v, s) dt, N ∈ N,
where aN is supported where |t| ≥M and |aN(t, v, s)| ≤ CN |t|−2N . Similarly, if we take
derivatives with respect to s, we produce additional powers of t in the integrand, which,
however, can be compensated by integrations by parts. Analogous considerations apply
to derivatives with respect to v (where we produce negative powers of v), and with
respect to λvB. Altogether, we find that
J∞(λ, v, s) =
1
λvB−1
E2(λv
B, v, s),
where E2 is smooth and
|∂αµ∂βv ∂γsE2(µ, v, s)| ≤ CN,α,β,γ|v|−β|µ|−N , ∀N,α, β, γ ∈ N.
Summing up all terms, and putting E := E1 + E2, we obtain the statements in (b).
Q.E.D.
The following remark can be verified easily by well-known versions of the method of
stationary phase for oscillatory integrals whose amplitude depends also on the param-
eter λ as symbols of order 0 (see, e.g., [25]).
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Remark 6.4. We may even allow in Lemma 6.3 that the function a(t, s) also depends
on λ, i.e., a = a(t, s; λ), in such a way that it is a symbol of order 0 in λ, uniformly
in the other parameters, i.e.,
|
( ∂
∂λ
)α( ∂
∂t
)β1( ∂
∂s
)β2
a(t, s; λ)| ≤ Cα,β(1 + λ)−α
for all α, β1, β2 ∈ N. Then the same conclusions hold, only with a± and E depending
also additionally on λ as symbols of order 0 in a uniform way.
Let us apply this lemma and the remark to the oscillatory integral (6.12), with
B = 3. Putting u := B1(s, δ, σ), in view of this lemma we shall decompose the frequency
support of νλδ furthermore into the domain where λ
2/3|B1(s, δ, σ)| . 1 (this is essentially
a conic region in ξ-space (cf. (6.1)), which will be called the ”region near the Airy
cone”), and the remaining domain into the conic regions where (2−lλ)2/3|B1(s, δ, σ)| ∼
1, for M0 ≤ 2l ≤ λM1 where M0,M1 ∈ N are sufficiently large. The Airy cone is given
by the equation B1 = 0, i.e.,
s1 = s
n−1
n−2
2 G3(s2, δ, σ).
To this end, we choose smooth cut-off functions χ0 and χ1 such that χ0 = 1 on a
sufficiently large neighborhood of the origin, and χ1(t) is supported where |t| ∼ 1 and∑
l∈Z χ1(2
−2l/3) = 1 on R \ {0}, and define the functions νλδ,Ai and νλδ,l by
ν̂λδ,Ai(ξ) := χ0
(
λ
2
3B1(s
′, δ, σ)
)
ν̂λδ (ξ),
ν̂λδ,l(ξ) := χ1
(
(2−lλ)
2
3B1(s
′, δ, σ)
)
ν̂λδ (ξ), M0 ≤ 2l ≤
λ
M1
,
so that
(6.13) νλδ = ν
λ
δ,Ai +
∑
M0≤2l≤
λ
M1
νλδ,l.
Denote by T λδ,Ai and T
λ
δ,l the convolution operators
T λδ,Aiϕ := ϕ ∗ ν̂λδ,Ai, T λδ,lϕ := ϕ ∗ ν̂λδ,l.
Since δ0 = 2
−j, we note that in order to prove Proposition 5.2, it will suffice to prove
the following estimate:
If pc := 14/13, then
(6.14)
∑
2≤λ≤δ−60
‖T λδ,Ai‖pc→p′c +
∥∥∥ ∑
M0≤2l≤
λ
M1
∑
2≤λ≤δ−60
T λδ,l
∥∥∥
pc→p′c
≤ C δ−
1
7
0 ,
provided δ is sufficiently small and M0,M1 ∈ N are sufficiently large.
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6.1. Estimation of T λδ,Ai. We first consider the region near the Airy cone and prove
the following
Lemma 6.5. There are constants C1, C2 so that
‖ν̂λδ,Ai‖∞ ≤ C1λ−
5
6 ,(6.15)
‖νλδ,Ai‖∞ ≤ C2λ
7
6 ,(6.16)
uniformly in σ and δ, provided λ is sufficiently large and δ sufficiently small.
Notice that by interpolation (again with θ = 3/7) these estimates imply that
‖T λδ,Ai‖pc→p′c . (λ−
5
6 )
4
7 (λ
7
6 )
3
7 = λ
1
42 ,
so that
(6.17)
∑
2≤λ≤δ−60
‖T λδ,Ai‖pc→p′c . δ
− 1
7
0 ,
which is exactly the estimate that we need (cf. (6.14)).
Let us turn to the proof of Lemma 6.5. The first estimate (6.15) is immediate from
(6.12) and Lemma 6.3.
In order to prove the second estimate, observe first that by Lemma 6.3 (a) and the
subsequent remark, we may write
χ0(λ
2/3B1(s, δ, σ))
∫
e
−iλs3
(
B3(s2,δ,σ,y1)y31−B1(s
′,δ,σ)y1
)
a(y1, s, δ; λ)χ0(y1) dy1
= λ−
1
3 χ0(λ
2/3B1(s
′, δ, σ)) g
(
λ2/3|B1(s′, δ, σ)|, λ, δ, σ, s
)
,
where g is a smooth function whose derivates of any order are uniformly bounded on
its natural domain.
Applying the Fourier inversion formula to νλδ,Ai, (6.12) and this identity yield that
νλδ,Ai(x) =
∫∫
λ−
1
2 λ−
1
3 χ0(λ
2/3B1(s
′, δ, σ))χ1(s1s3)χ1(s2s3)χ1(s3) e
iξ·x
e−iλs3B0(s
′,δ,σ) g
(
λ2/3B1(s
′, δ, σ), ξ3, δ, σ, s
)
dξ.
We again change coordinates from ξ = (ξ1, ξ2, ξ3) to (s1, s2, s3) according to (6.1).
We then find that
νλδ,Ai(x) = λ
13
6
∫
e
−iλs3
(
B0(s′,δ,σ)−s1x1−s2x2−x3
)
χ0(λ
2/3B1(s
′, δ, σ))
g
(
λ2/3B1(s
′, δ, σ), λ, δ, σ, s
)
χ˜1(s) ds1ds2ds3,(6.18)
where
χ˜1(s) := χ1(s1s3)χ1(s2s3)χ1(s3) s
2
3
localizes to a region where sj ∼ 1, j = 1, 2, 3.
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Observe first that when |x| ≫ 1, then we easily obtain by means of integrations by
parts that
(6.19) |νλδ,Ai(x)| ≤ CNλ−N , N ∈ N, if |x| ≫ 1.
Indeed, when |x1| ≫ 1, then we integrate by parts repeatedly in s1 to see this, and a
similar argument applies when |x2| ≫ 1, where we use the s2-integration. Observe that
in each step, we gain a factor λ−1, and lose at most λ2/3. Finally, when |x1|+ |x2| . 1
and |x3| ≫ 1, then we can integrate by parts in s3 in order to establish this estimate.
We may therefore assume now that |x| . 1.
We then perform yet another change of coordinates, passing from s′ = (s1, s2) to
(z, s2), where
z := λ2/3B1(s
′, δ, σ).
Applying (6.10), we find that
z = λ
2
3 (−s1 + s
n−1
n−2
2 G3(s2, δ, σ))
so that
(6.20) s1 = s
n−1
n−2
2 G3(s2, δ, σ)− λ−
2
3 z.
In combination with (6.10), we thus obtain that
(6.21) B0(s, δ, σ) = −λ− 23z s
1
n−2
2 G1(s2, δ, σ) + s
n
n−2
2 (G1G3 −G2)(s2, δ, σ).
We may thus re-write
νλδ,Ai(x) = λ
3
2
∫
e−iλs3Φ(z,s2,x1,δ,σ) g
(
z, λ, δ, σ, s
n−1
n−2
2 G3(s2, δ, σ)− λ−
2
3z, s2, s3
)
χ˜1
(
s
n−1
n−2
2 G3(s2, δ, σ)− λ−
2
3z, s2
)
χ0(z) dzds2ds3,(6.22)
where
Φ(z, s2, x1, δ, σ) := s
n
n−2
2 (G1G3 −G2)(s2, δ, σ)− s
n−1
n−2
2 G3(s2, δ, σ)x1 − s2x2 − x3
+λ−
2
3 z (x1 − s
1
n−2
2 G1(s2, δ, σ)).(6.23)
Observe that by (6.10), when δ = 0,
(6.24) (G1G3−G2)(s2, δ, σ) = n2−3n+22 σβ(0) 6= 0, G3(s2, δ, σ) = n(n− 2)σβ(0) 6= 0,
since we assume that n ≥ 5, and that the exponents n/(n − 2), (n − 1)/(n − 2) and
1 of s2 which appear in Φ (regarding the last term in (6.23) as an error term) are all
different. Moreover, recall that |x| . 1. It is then easily seen that this implies that,
when δ = 0,
3∑
j=1
|∂js2Φ(z, s2, x1, δ, σ)| ∼ 1 for every s2 ∼ 1,
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uniformly in z and σ. The same type of estimates then remains valid for δ sufficiently
small. We may thus apply the van der Corput type Lemma 2.2 to the s2- integration
in (6.22), which in combination with Fubini’s theorem yields
‖νλδ,Ai‖∞ ≤ Cλ
3
2λ−
1
3 ,
hence (6.16). This concludes the proof of Lemma 6.5.
6.2. Estimation of T λδ,l. We next regard the region away from the Airy cone. The
study of this region will require substantially more refined techniques. Let us first note
that by (6.7) and Fourier inversion we have
νλδ,l(x) = λ
3λ−1/2
∫∫
χ1(s1s3)χ1(s2s3)χ1(s3)χ1
(
(2−lλ)2/3B1(s, δ, σ)
)
×e−iλs3
(
Ψ(y1,δ,σ,s1,s2)−s1x1−s2x2−x3
)
a(y1, δ, σ, s; λ)χ1(y1) dy1 ds.(6.25)
In order to indicate the problems that we have to face here, let us state (without
proof) an analogue to Lemma 6.5, which we believe gives essentially optimal estimates
(a proof will implicitly be contained in the more refined estimates of the next section).
Lemma 6.6. There is a constant C so that
‖ν̂λδ,l‖∞ ≤ C2−
l
6λ−
5
6 ,(6.26)
‖νλδ,l‖∞ ≤ Cmin{λ
7
62
l
3 ,
λ
δ0
},(6.27)
uniformly in σ and δ, provided δ is sufficiently small.
In order to apply this lemma, let us put λ = 2r, r ∈ N. Then, according to (6.26),
we have
(6.28) ‖ν̂λδ,l‖∞ . 2−
5r+l
6 ,
For k ∈ N we therefore define
νδ,k :=
∑
Ik
ν2
r
δ,l ,
where Ik := {(r, l) ∈ N2 : 5r + l = k, 2r ≤ δ−60 }. Then
(6.29)
∑
M0≤2l≤
λ
M1
∑
2≤λ≤δ−60
νλδ,l =
∑
k∈N
νδ,k,
and we have the following consequence of Lemma 6.6:
Corollary 6.7. There is a constant C so that
‖ν̂δ,k‖∞ ≤ C 2− k6 ;(6.30)
‖νδ,k‖∞ ≤ C 2 29k δ−
1
3
0 ,(6.31)
uniformly in σ and δ, provided δ sufficiently small.
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Proof. The first estimate (6.30) follows immediately from (6.28), because the supports
of the functions {ν̂2rδ,l}r,l are essentially disjoint.
Next, we decompose Ik = I
1
k ∪ I2k , where
I1k := {(r, l) ∈ N2 : 5r + l = k, 2r+2l ≤ δ−60 },
I2k := {(r, l) ∈ N2 : 5r + l = k, δ−60 < 2r+2l, 2r ≤ δ−60 }.
Notice that according to (6.27), for (r, l) ∈ I1k we have λ
7
62
l
3 ≤ λ
δ0
, hence ‖νλδ ‖∞ .
27r/62l/3 = 22k/92(r+2l)/18, whereas for (r, l) ∈ I2k we have ‖νλδ ‖∞ . 2r/δ0 = (22k/9/δ0)2−(r+2l)/9,
so that
‖νδ,k‖∞ ≤ C 2 29k
∑
(r,l)∈I1k
2
r+2l
18 +
2
2
9
k
δ0
∑
(r,l)∈I2k
2−
r+2l
9 .
Comparing the latter sums with one-dimensional geometric series and using that 2r+2l ≤
δ−60 in the first sum, and 2
r+2l > δ−60 in the second sum, we obtain (6.31). Q.E.D.
Let us denote by Tδ,k the convolution operator ϕ 7→ ϕ ∗ ν̂δ,k. Interpolating the esti-
mates in the preceding lemma, again with parameter θc := 3/7, we obtain
‖Tδ,k‖pc→p′c . δ
− 1
7
0 ,
uniformly in k, whereas for 1 ≤ p < pc we get ‖Tδ,k‖p→p′ . 2−εkδ−
1
7
0 , for some ε > 0
which depends on p, so that by (6.13), (6.17) and (6.29)∥∥∥ ∑
2≤λ≤δ−60
T λδ
∥∥∥
p→p′
. δ
− 1
7
0 +
∑
k∈N
‖Tδ,k‖p→p′ . δ−
1
7
0 .
We thus barely fail to establish the estimate (6.14) at the critical exponent p = pc.
In order to prove the estimate (6.14) also at the endpoint p = pc, we need to apply
an interpolation argument. Recall that for the Fourier restriction to spheres, the end-
point result had been obtained by Stein using interpolation with analytic families of
distributions (cf. [29]), and this has become one of the standard methods for obtaining
endpoint estimates. However, an alternative, real interpolation method has been de-
vised by Bak and Seeger recently in [4], which often leads to much shorter proofs and
even optimal results in the scale of Lorentz spaces.
In [19], we shall make use of this new method in some cases. Nevertheless, we shall
also encounter further situations which apparently cannot be studied by means of this
real interpolation method, but still can by treated by using complex interpolation.
The latter applies also to the proof of the endpoint estimate in Proposition 5.2 (c).
Indeed, what seems to prevent the application of the real interpolation method is that
the (complex) measures νδ,k arise from the positive measure νδ by means of spectral
localizations to certain frequency regions, i.e., νδ,k = νδ ∗ ψδ,k, and the obstacle in
applying the method from [4] is that there is no uniform bound for the L1-norms of
the functions ψδ,k as k tends to infinity.
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The proofs based on complex interpolation are technically involved, and our argu-
ments outlined in the next section can be viewed as prototypical for other proofs of
this kind in [19].
7. The endpoint in Proposition 5.2 (c): Complex interpolation
We keep the notation of the previous section. According to (6.12) and Lemma 6.2
we may write (recalling that ξ = λs3(s1, s2, 1))
(7.1) ν̂λδ,l(ξ) := λ
− 1
2χ1
(
(2−lλ)
2
3B1(s
′, δ, σ)
)
χ˜1(s) e
−iλs3B0(s′,δ,σ) J(λ, s, δ, σ),
where we recall that χ˜1 localizes to a region where sj ∼ 1, j = 1, 2, 3, and where
J(λ, s, δ, σ) :=
∫
e−iλs3Ψ˜0(y1,δ,σ,s1,s2) a0(y1, s, δ; λ)χ0(y1) dy1,
with
Ψ˜0(y1, δ, σ, s1, s2) := B3(s2, δ, σ, y1)y
3
1 −B1(s′, δ, σ)y1.
Since B1 is of size (2
l/λ)2/3, we scale by the factor (2l/λ)1/3 in the integral defining
J(λ, s, δ, σ) by putting y1 = (2
l/λ)1/3u1, and obtain
J(λ, s, δ, σ) = (2lλ−1)
1
3
∫
e−is32
lΨ0(u1,s′,δ,λ,l) a0
(
(2lλ−1)
1
3u1, s, δ, λ
)
χ0
(
(2lλ−1)
1
3u1
)
du1,
with
Ψ0(u1, s
′, δ, λ, l) := B3
(
s2, δ, σ, (2
lλ−1)
1
3u1
)
u31 − (2lλ−1)−
2
3B1(s
′, δ, σ) u1.
Observe that the coefficients of u1 and of u
3
1 in Ψ0 are both of size 1, so that Ψ0 will
have no critical point with respect to u1 unless |u1| ∼ 1.
We may therefore choose a smooth cut-off function χ1 ∈ C∞0 (R) supported away
from 0 so that Ψ0 has no critical point outside the support of χ1, and decompose
J := J(λ, s, δ, σ) = J1 + J∞,
where J1 = J1(λ, s, δ, σ) is given by
J1 := (2
lλ−1)
1
3
∫
e−is32
lΨ0(u1,s′,δ,λ,l) a0
(
(2lλ−1)
1
3u1, s, δ, λ
)
χ0
(
(2lλ−1)
1
3u1
)
χ1(u1) du1,
Accordingly, we decompose
νλδ,l = ν
λ
l,1 + ν
λ
l,∞,
where the summands are defined by
ν̂λl,1(ξ) := λ
− 1
2χ1
(
(2−lλ)
2
3B1(s
′, δ, σ)
)
χ˜1(s) e
−iλs3B0(s′,δ,σ) J1(λ, s, δ, σ),
ν̂λl,∞(ξ) := λ
− 1
2χ1
(
(2−lλ)
2
3B1(s
′, δ, σ)
)
χ˜1(s) e
−iλs3B0(s′,δ,σ) J∞(λ, s, δ, σ)
(we have dropped the dependence on δ in order to defray the notation).
52 I. A. IKROMOV AND D. MU¨LLER
Let us first consider the contribution given by the νλl,∞ : By means of integrations by
parts, we easily obtain that for every N ∈ N we have |J∞| . (2lλ−1) 132−lN , hence
(7.2) ‖ν̂λl,∞‖∞ . λ−
1
2 (2lλ−1)
1
32−lN ∀N ∈ N.
Next, we may assume that we have chosen χ˜1 so that the Fourier inversion formula
reads
νλl,∞(x) = λ
3
∫
R3
eiλs3(s1x1+s2x2+x3)ν̂λl,∞(ξ) ds
(with ξ = λs3(s1, s2, 1)). We then use the change of variables from s
′ = (s1, s2) to
(z, s2), where now
z := (2−lλ)
2
3B1(s
′, δ, σ),
and find that (compare (6.20))
(7.3) s1 = s
n−1
n−2
2 G3(s2, δ, σ)− (2−lλ)−
2
3 z,
and in particular
(7.4) B0(s, δ, σ) = −(2−lλ)− 23 z s
1
n−2
2 G1(s2, δ, σ) + s
n
n−2
2 (G1G3 −G2)(s2, δ, σ).
Notice that 2l/λ ≤ 1/M1 ≪ 1. And, if we plug in the previous formula for ν̂λl,∞ and
write νλl,∞(x) as an oscillatory with respect to the variables u1, z, s2, s3, we see that the
complete phase is of the form
−λs3
(
s
n
n−2
2 (G1G3−G2)(s2, δ, σ)−x1s
n−1
n−2
2 G3(s2, δ, σ)−s2x2−x3+O(2lλ−1(1+ |u1|3))
)
,
where according to (6.24) |G1G3 −G2| ∼ 1. Observe that the localization given by χ0
implies that 2lλ−1|u1|3 ≪ 1. Applying again first N integrations by parts with respect
to u1, and then van der Corput’s lemma for the integration in s2, taking into account
also the Jacobian of our change of coordinates to z, we thus see that
‖νλl,∞‖∞ . λ3 λ−
1
2 (2lλ−1)
1
32−lN (2−lλ)−
2
3 λ−
1
3 = λ
7
62−l(N−1).
Interpolating between this estimate and (7.2), we see that the convolution operator
T λl,∞, which maps ϕ to ϕ ∗ ν̂λl,∞, can be estimated by
‖T λl,∞‖pc→p′c . λ−
5
6
4
7
+ 7
6
3
72−l = λ
1
422−l,
if we choose N = 2. This implies the desired estimate∑
M0≤2l≤
λ
M1
∑
2≤λ≤δ−60
‖T λl,∞‖pc→p′c . δ
− 1
7
0 .
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7.1. The operators T λl,1. We now turn to the investigation of the convolution operator
T λl,1, which maps ϕ to ϕ ∗ ν̂λl,1. According to (6.14), what we need to prove is that the
operator
T1 :=
∑
M0≤2l≤
λ
M1
∑
2≤λ≤δ−60
T λl,1
satisfies
(7.5) ‖T1‖pc→p′c . δ
− 1
7
0 ,
with a bound which is independent of δ and σ.
Now, if the phase Ψ0 has no critical point on the support of χ1, then we can estimate
J1 in the same way as J∞ before, and can handle the operators T
λ
l,1 as we did for the
T λl,∞. Let us therefore assume in the sequel that Ψ0 has a critical point u
c
1 ∈ suppχ1,
so that |u1| ∼ 1.
Applying the method of stationary phase, we then get |J1| . (2lλ−1)1/32−l/2, hence
(7.6) ‖ν̂λl,1‖∞ . λ−
1
2 (2lλ−1)
1
32−
l
2 = λ−
5
62−
l
6 = 2−
k
6 ,
where we use the same abbreviations λ := 2r, k = k(r, l) := 5r + l as in the previous
section (compare with (6.26)).
In view of this estimate, we define for ζ in the complex strip Σ := {ζ ∈ C : 0 ≤
Re ζ ≤ 1} the following analytic family of measures
µζ(x) := γ(ζ) δ
ζ
3
0
∑
M0≤2l≤
2r
M1
∑
2≤2r≤δ−60
2
k(3−7ζ)
18 ν2
r
l, 1,
where
γ(ζ) :=
2
7
2
(ζ−1) − 1
2−2 − 1 ,
and denote by Tζ the operator of convolution with µ̂ζ. Observe that for ζ = θc = 3/7,
we have Tθc = δ
1
7
0 T1, so that by Stein’s interpolation theorem [28], (7.5) will follow if
we can prove the following estimates on the boundaries of the strip Σ : ‖Tit‖1→∞ ≤ C
and ‖T1+it‖2→2 ≤ C, where the constant C is independent of t ∈ R and the parameters
δ, σ (provided δ is sufficiently small). Equivalently, we shall prove that
‖µ̂it‖∞ ≤ C ∀t ∈ R,(7.7)
‖µ1+it‖∞ ≤ C ∀t ∈ R.(7.8)
Since the supports of the functions {ν̂2rl,1} are almost disjoint for l, r in the given
range, we see that the first estimate (7.7) is an immediate consequence of (7.6).
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The main problem will consist in estimating ‖µ1+it‖∞. To this end, observe that,
again by Fourier inversion, we have (with ξ = λs3(s1, s2, 1))
νλl,1(x) = λ
3
∫
R3
eiλs3(s1x1+s2x2+x3)ν̂λl,1(ξ) ds.
Using once again the change of variables from s1 to z, so that z = (2
−lλ)
2
3B1(s
′, δ, σ)
and s1 = s
n−1
n−2
2 G3(s2, δ, σ)− (2−lλ)−
2
3z, we find that (compare (7.3), (7.4))
νλl,1(x) = λ
3
22l
∫
e−is3Φ1(x,u1,z,s2,δ,λ,l) a
(
(2lλ−1)
1
3u1, z, s2, s3, δ; λ
)
×χ1(u1)χ1(z)χ1(s2)χ1(s3) du1dzds2ds3,(7.9)
where Φ1 = Φ1(x, u1, z, s2, δ, λ, l) is given by
Φ1 := 2
l
(
B3
(
s2, δ, σ, (2
lλ−1)
1
3u1
)
u31 − z u1
)
+ λ
(
s
n
n−2
2 (G1G3 −G2)(s2, δ, σ)− s
n−1
n−2
2 G3(s2, δ, σ) x1 − s2x2 − x3
)
(7.10)
+ λ(2lλ−1)
2
3z
(
x1 − s
1
n−2
2 G1(s2, δ, σ)
)
.
Moreover, a(v, u1, z, s2, s3, δ; λ) is a smooth function which is uniformly a classical
symbol of order 0 with respect to λ.
Notice that, in order to defray the notation, we have suppressed here the dependence
on σ, which we shall do so also in the sequel.
7.2. Preliminary reductions. Assume now first that |x| ≫ 1. If |x1| ≪ |(x2, x3)|,
then we easily see by means of integrations by parts in (7.9) with respect to the
variables s2 or s3 that |νl,1(x)| . λ−N for every N ∈ N, and if |x1| & |(x2, x3)|,
then we easily obtain |νl,1(x)| . (λ(2lλ−1) 23 )−N , by means of integrations by parts in
z. Since 2l ≤ λ, it follows easily that there are constants A ≥ 1 and C such that
sup|x|≥A supt∈R |µ1+it(x)| ≤ C, uniformly in δ and σ.
From now on we shall therefore assume that |x| ≤ A. For such x fixed, we decompose
the support of χ1(s2) into the subset LII of all s2 such that
ε(2lλ−1)
1
3 < |x1 − s
1
n−2
2 G1(s2, δ, σ)| <
1
ε
(2lλ−1)
1
3 ,
and the complementary subsets LI where |x1−s
1
n−2
2 G1(s2, δ, σ)| ≥ (2lλ−1)
1
3/ε and LIII
where |x1− s
1
n−2
2 G1(s2, δ, σ)| ≤ ε(2lλ−1)
1
3 . Here, ε > 0 will be a sufficiently small fixed
number.
If we restrict the set of integration in (7.9) to these subsets with respect to the variable
s2, we obtain corresponding measures ν
λ
l,I , ν
λ
l,II and ν
λ
l,III into which ν
λ
l,1 decomposes,
i.e.,
νλl,1 = ν
λ
l,I + ν
λ
l,II + ν
λ
l,III .
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Observe also that |λ(2lλ−1) 23 (x1 − s
1
n−2
2 G1(s2, δ, σ))| ≥ 2l if and only if |x1 −
s
1
n−2
2 G1(s2, δ, σ)| ≥ (2lλ−1)
1
3 .
Thus, if s2 ∈ LI , the last term in (7.10) becomes dominant as a function of z,
provided we choose ε sufficiently small. Consequently, the phase has no critical point
as a function of z, and applying N integrations by parts in z, we may estimates
|νλl,I(x)| . λ
3
22l
∫
{s2:λ
1
3 2
2l
3 |x1−s
1
n−2
2 G1(s2,δ,σ)|≥C2
l, |s2|∼1}
ds2(
λ
1
32
2l
3 |x1 − s
1
n−2
2 G1(s2, δ, σ)|
)N
. λ
3
22l
∫
λ
1
3 2
2l
3 |v|≥C2l
dv
(λ
1
32
2l
3 |v|)N
. λ
3
22l (λ
1
32
2l
3 )−12(1−N)l = λ
7
62(
4
3
−N)l.
Similarly, if s2 ∈ LIII , the first term in (7.10) becomes dominant as a function of z,
and thus N integrations by parts in z and the fact that the s2-integral is restricted to
a set of size (2lλ−1)
1
3 yield the same estimate
|νλl,III(x)| . λ
3
22l2−Nl(2lλ−1)
1
3 = λ
7
62(
4
3
−N)l.
This implies the desired estimate∣∣∣γ(1 + it) δ 1+it30 ∑
M0≤2l≤
2r
M1
∑
2≤2r≤δ−60
2
k(3−7(1+it))
18 (ν2
r
l,I + ν
2r
l,III)(x)
∣∣∣
. δ
1
3
0
∑
M0≤2l≤
λ
M1
, 1≪λ<δ−60
2−
2k
9 (|νλl,I(x)|+ |νλl,III(x)|)
. δ
1
3
0
∑
M0≤2l, λ<δ
−6
0
λ
1
182(
10
9
−N)l . 1,
if we choose N ≥ 2.
7.3. The region where |x1− s
1
n−2
2 G1(s2, δ, σ)| ∼ (2lλ−1)
1
3 . We are thus left with the
measures νλl,II(x) and the corresponding family of measures
µII1+it(x) := γ(1 + it) δ
1+it
3
0
∑
M0≤2l≤
2r
M1
∑
2≤2r≤δ−60
2
−k(4+7it)
18 ν2
r
l,II .
In order to establish the estimate (7.8), we still need prove that there is constant C
such that
(7.11) |µII1+it(x)| ≤ C,
where C is independent of t, x, δ and σ. Note that ∂s2(s
1
n−2
2 G1(s2, δ, σ)) ∼ 1 be-
cause s2 ∼ 1 and G1(s2, 0, σ) = 1 (compare (6.11)). Therefore, the relation |x1 −
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s
1
n−2
2 G1(s2, δ, σ)| ∼ (2lλ−1)
1
3 can be re-written as |s2− G˜1(x1, δ, σ)| ∼ (2lλ−1) 13 , where
G˜1 is again a smooth function. If we write
s2 = (2
lλ−1)
1
3v + G˜1(x1, δ, σ),
then this means that |v| ∼ 1. We shall therefore change variables from s2 to v in the
sequel.
In these new variables, the phase function Φ1 = Φ1(x, u1, z, s2, δ, λ, l) is given by
Φ2(x, u1, z, v, δ, λ, l) := Φ1
(
x, u1, z, (2
lλ−1)
1
3v + G˜1(x1, δ, σ), δ, λ, l
)
.
This is a function of the form
Φ2 = 2
l
(
B˜3((2
lλ−1)
1
3u1, (2
lλ−1)
1
3 v, x1, δ, σ)u
3
1 − z(u1 −H(v, x1, (2lλ−1)
1
3 , δ, σ)
)
+ R(v, x, δ, λ),
where B˜3, H and R are smooth, and where R(v, x, δ, λ) is the sum of all terms not
depending on u1 and z. Moreover, |B˜3| ∼ 1. Note also that u1 ∼ 1, |v| ∼ 1. More
precisely, after this change of variables, νλl,II(x) assumes the form
νλl,II(x) = λ
7
62
4
3
l
∫
e−is3Φ2(x,u1,z,v,δ,λ,l) a
(
(2lλ−1)
1
3u1, z, v, x1, s3, δ; λ
)
×χ1(u1)χ1(z)χ˜1(v)χ1(s3) du1dzdvds3, ,(7.12)
where a is again smooth and uniformly a classical symbol of order 0 with respect to λ
(in order to defray our notation, we shall here and in the sequel usually denote such
symbols by the letter a, even if they may be different from one instance of occurance
to another). Moreover, χ˜1(v) is smooth and supported in a region where |v| ∼ 1.
Observe next that the function Φ2 has at worst a non-degenerate critical point (u
c
1, z
c)
with respect to the variables (u1, z), and that the Hessian matrix at such a point is of the
form 2l
(
α −1
−1 0
)
, where |α| . 1, so that in particular the Hessian determinant
is of size 22l. If there is no critical point, we can again integrate by parts and obtain
estimates which are stronger than needed, so let us assume that there is a critical point.
We may than apply the method of stationary phase to the integration in the variables
(u1, z). This leads to the following new expression for ν
λ
l,II(x) :
νλl,II = λ
7
62
l
3µλl , with(7.13)
µλl (x) :=
∫
e−iλs3Φ3(x,v,δ,λ,l) a
(
(2lλ−1)
1
3 , v, x1, s3, δ; λ, 2
l
)
χ˜1(v)χ1(s3) dvds3,
up to an error term which is of order λ
7
62−2l/3 and which will therefore be ignored
(compare the discussion in Subsection 7.2). Here, a is again a smooth function which
is uniformly a classical symbol of order 0 with respect to each of the last two variables.
Moreover, the phase is given by Φ3(x, v, δ, λ, l) := (1/λ)Φ2(x, u
c
1, z
c, v, δ, λ, l).
Notice that (7.13) does already imply the first estimate in (6.27).
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In order to compute Φ3(x, v, δ, λ, l) more explicitly, observe first that the value of
a function at a critical point is invariant under changes of coordinates. Since we had
switched from the coordinates (y1, s1), in which Φ1 is given by the function
Φ0(x, y1, s1, s2, δ, λ) := Ψ(y1, δ, σ, s1, s2)− s1x1 − s2x2 − x3
(compare (6.25)) to the coordinates (u1, z), this means that we can also write
Φ3(x, v, δ, λ, l) = Φ0(x, y
c
1, s
c
1, s2, δ, λ),
where (yc1, s
c
1) denotes the critical point of Φ0 with respect to the variables (y1, s1). This
formula turns out to be better suited, since, according to Lemma 6.1, we may write
Φ0(x, y1, s1, s2, δ, λ) = s1y1 + s2y
2
1ω(δ1y1) + σy
n
1β(δ1y1)
+ (δ0s2)
2Y3(δ1y1, δ2, δ0s2)− s1x1 − s2x2 − x3
To this phase, we can apply the following lemma (with ξ := y1, η := s1, and ζ = x1),
whose proof is straight- forward:
Lemma 7.1. Let φ = φ(ξ, η) be a smooth, real function on R2, of the form
φ(ξ, η) = ξη + f(ξ)− ηζ,
with ζ ∈ R. Then φ has a unique critical point given by (ξc, ηc) := (ζ,−f ′(ζ), and then
φ(ξc, ηc) = f(ζ).
This yields
Φ3(x, v, δ, λ, l) = s2x
2
1ω(δ1x1) + σx
n
1β(δ1x1) + (δ0s2)
2Y3(δ1x1, δ2, δ0s2)− s2x2 − x3,
and, passing back to the coordinate v in place of s2, we obtain
Φ3(x, v, δ, λ, l) =
(
(2lλ−1)
1
3v + G˜1(x1, δ, σ)
)
x21ω(δ1x1) + σx
n
1β(δ1x1)
+ δ20
(
(2lλ−1)
1
3 v + G˜1(x1, δ, σ)
)2
Y3
(
δ1x1, δ2, δ0((2
lλ−1)
1
3 v + G˜1(x1, δ, σ))
)
−
(
(2lλ−1)
1
3v + G˜1(x1, δ, σ)
)
x2 − x3.
Expanding this with respect to (2lλ−1)
1
3 v, we see that Φ3 is of the form
Φ3(x, v, δ, λ, l) = B˜0(x, δ, σ) + (2
lλ−1)
1
3 B˜1(x, δ, σ)v
+ δ20(2
lλ−1)
2
3 B˜2(x, δ0((2
lλ−1)
1
3 v, δ, σ) v2,(7.14)
with smooth function B˜j(x, δ, σ), and where |B˜2(x, δ0((2lλ−1) 13 v, δ, σ)| ∼ 1. Recall also
that |v| ∼ 1, and notice that when δ0 = 0, then Φ3 is a quadratic polynomial in v, and
thus, for δ0 sufficiently small, Φ3 is a small perturbation of this quadratic polynomial.
Observe that if λδ20(2
lλ−1)
2
3 ≫ 1, then we can apply van der Corput’s lemma in v,
which yields the estimate
(7.15) |νλl,II(x)| . λ
7
62
l
3
(
λδ20(2
lλ−1)
2
3
)− 1
2
=
λ
δ0
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(notice that this verifies the second estimate in (6.27)!).
We shall therefore distinguish between the cases where λ22l . δ−60 , and where λ2
2l ≫
δ−60 .
Observe also that 2
7
6
r2
l
32
−k4
18 = 2
r+2l
18 . It will therefore be convenient to put m :=
r + 2l, so that r = m− 2l. We may then re-write (compare (7.13))
µII1+it(x) = γ(1 + it) δ
1+it
3
0
∑
M2≤2m≤ε1δ
−18
0
2
m
18
(1−35it)
∑
max{M0,δ302
m
2 }≤2l≤ε02
m
3
2it
7
2
l µ2
m−2l
l (x),
where M2 := M1M
3
0 , ε1 := M
−2
1 and ε0 := M
−1/3
1 . Notice also that the condition
λ22l . δ−60 then reads as 2
m . δ−60 . We shall therefore decompose
(7.16) µII1+it = µ
II,1
1+it + µ
II,2
1+it,
where
µII,11+it(x) := γ(1 + it) δ
1+it
3
0
∑
M2≤2m≤M20 δ
−6
0
2
m
18
(1−35it)
∑
M0≤2l≤ε02
m
3
2it
7
2
l fm,x(2
l)
µII,21+it(x) := γ(1 + it) δ
1+it
3
0
∑
M20 δ
−6
0 <2
m≤ε1δ
−18
0
2
m
18
(1−35it)
∑
δ302
m
2 ≤2l≤ε02
m
3
2it
7
2
l fm,x(2
l).
where we have written fm,x(2
l) := µ2
m−2l
l (x). Recall from (7.13),(7.14) that
fm,x(2
l) =
∫
e−is3Φ˜3(x,v,δ,m,2
l) a
(
2l−
m
3 , v, x1, s3, δ; 2
m−2l, 2l
)
χ˜1(v)χ1(s3) dvds3,
(7.17)
Φ˜3 := 2
m−2lB˜0(x, δ, σ) + 2
−l2
2m
3 B˜1(x, δ, σ)v + δ
2
02
m
3 B˜2(x, δ02
−m
3 2lv, δ, σ) v2.
In several cases the summation in l will require the use of some cancellation proper-
ties. The following simple lemma, which will also turn out to be useful in many other
situations, exploits such cancellations:
Lemma 7.2. Let Q =
∏n
j=1 [−Rk, Rk] ⊂ Rn be a compact cuboid, with Rk > 0, k =
1, . . . , n, and let H be a C1-function on an open neighborhood of Q. Moreover, let
α, β1, . . . , βn ∈ R× be given. For any given real numbers a1, . . . , an ∈ R× and M ∈ N
we then put
(7.18) F (t) :=
M∑
l=0
2iαlt(HχQ)
(
2β
1la1, . . . , 2
βnlan
)
.
Then there is a constant C depending on Q and the numbers α and βk, but not on H,
the ak, M and t, such that
(7.19) |F (t)| ≤ C ‖H‖C1(Q)|2iαt − 1| , for all t ∈ R, a1, . . . a2 ∈ R
×and M ∈ N.
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Proof. For y = (y1, . . . , yn) in an open neighborhood of Q, Taylor’s integral formula
allows to write H(y) = H(0)+
∑n
k=1 ykHk(y), with continuous functions Hk whose C
0-
norms on Q are controlled by the C1(Q)-norm of H. Accordingly, we shall decompose
F (t) = F0(t) +
∑
k Fk(t), where
F0(t) := H(0)
M∑
l=0
2iαltχQ
(
2β
1la1, . . . , 2
βnlan
)
,
Fk(t) :=
M∑
l=0
2iαlt(ykHkχQ)
(
2β
1la1, . . . , 2
βnlan
)
, k = 1, . . . , n.
It will therefore suffice to establish estimates of the form (7.19) for each of these func-
tions F0 and Fk, k = 1, . . . , n. We begin with F0.
Observe that in the sum defining F0(t) we are effectively summing over an “interval”
l ∈ {M1, . . . ,M2}, where M1,M2 ∈ N depend on M, the ak’s and the βk’s, so that
F0(t) = H(0)
2iα(M2+1) − 2iαM1
2iαt − 1 .
This implies an estimate of the form (7.19) for F0(t). Next, if k ≥ 1, then trivially
|Fk(t)| ≤ C ′
∑
{l:2βkl|ak|≤Rk}
2β
kl|ak| ≤ CRk,
by summing a geometric series. Again this implies an estimate of the form (7.19).
Q.E.D.
Remark 7.3. The estimate in (7.19) can be sharpened as follows (this will become
relevant in [19]):
Assume that there are constants ǫ ∈]0, 1] and Ck, k = 1, . . . , n, such that
(7.20)
∫ 1
0
∣∣∣∂H
∂yk
(sy)
∣∣∣ ds ≤ Ck|yk|ǫ−1, for all y ∈ Q.
Then, under the hypotheses of Lemma 7.2, there is a constant C depending on Q, the
numbers α and βk and ǫ, but not on H, the ak, M and t, such that
(7.21) |F (t)| ≤ C |H(0)|+
∑
k Ck
|2iαt − 1| , for all t ∈ R, a1, . . . a2 ∈ R
×and M ∈ N.
Indeed, Taylor’s integral formula and (7.20) imply that |ykHk(y)| ≤ Ck|yk|ǫ, which
suffices to concude in a similar way as before.
7.3.1. Estimation of µII,11+it(x): The contribution by those m for which 2
m ≤ M20 δ−60 .
For such m we have δ202
m/3 . 1, so that the last term in (7.17) in the phase Φ˜3 can
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be included into the amplitude of fm,x and we may re-write fm,x(2
l)as an oscillatory
integral of the form
fm,x(2
l) =
∫
e−is3Φ4(x,v,δ,m,2
l) a
(
δ202
m
3 , 2l−
m
3 , v, x1, s3, δ; 2
m−2l, 2l
)
χ˜1(v)χ1(s3) dvds3,
where
Φ4(x, v, δ,m, 2
l) := 2m−2lB˜0(x, δ, σ) + 2
−l2
2m
3 B˜1(x, δ, σ)v.
Observe also that it will here suffice to prove that
(7.22)
∣∣∣γ(1 + it) ∑
M0≤2l≤ε02
m
3
2it
7
2
l fm,x(2
l)
∣∣∣ ≤ C,
with C independent ofm, x, t, etc., because this will immediately imply that |µII,11+it(x)| ≤
C ′.
Now, recall first that a is a classical symbol of order 0 with respect to both last
variables, so that we may write
a
(
δ202
m
3 , 2l−
m
3 , v, x1, s3, δ; 2
m−2l, 2l
)
= g
(
δ202
m
3 , 2l−
m
3 , v, x1, s3, δ
)
+O((2m−2l)−1 + 2−l),
where the first term g is the leading homogeneous term of order 0 of a, hence a smooth
functions of all its variables, and the constant in the error term is independent of the
other variables appearing here.
Since we are summing only over l’s for which 2m− 2l ≥ 0 and l ≥ 0, we see that the
contributions by the term O((2m−2l)−1+2−l) in (7.22) can be estimated in the desired
way. With a slight abuse of notation, let us therefore from now on assume that
fm,x(2
l) =
∫
e−is3Φ4(x,v,δ,m,2
l) g
(
δ202
m
3 , 2l−
m
3 , v, x1, s3, δ
)
× χ˜1(v)χ1(s3) dvds3.(7.23)
Given x, consider first those l for which |2−l2 2m3 B˜1(x, δ, σ)| ≥ 1. Integration by parts
in v then implies that
|fm,x(2l)| ≤ C|2−l2 2m3 B˜1(x, δ, σ)|
.
Summing a geometric series, we thus see that
∑
l |fm,x(2l)| . 1 for the sum over these
l′s.
Similarly, if we consider those l for which |2−l2 2m3 B˜1(x, δ, σ)| < 1 and
|2m−2lB˜0(x, δ, σ)| ≫ 1, by means of an integration by parts in s3 we find that
|fm,x(2l)| ≤ C|2m−2lB˜0(x, δ, σ)|
,
and again the according sum in l is uniformly bounded.
A SHARP RESTRICTION THEOREM 61
We may therefore restrict ourselves in the sequel to the set of those l for which
|2−l2 2m3 B˜1(x, δ, σ)| . 1 and |2m−2lB˜0(x, δ, σ)| . 1. In this case, (7.23) shows that
fm,x(2
l) = H
(
2−2l2mB˜0(x, δ, σ), 2
−l2
2m
3 B˜1(x, δ, σ), 2
l2−
m
3
)
,
where H is a smooth function of its (bounded) variables. Indeed, H will also depend on
m, x, δ etc., but in such a way that its C1- norm on compact sets is uniformly bounded.
This shows that the contribution of the l′s that we are are here considering to the sum
in (7.22) leads to a sum of the form (7.19), with α := 7/2, and where the cuboid Q is
defined by the following set of restrictions, for suitable R1, R2 > 0 :
|y1| = |2−2l2mB˜0(x, δ, σ)| ≤ R1, |y2| = |2−l2 2m3 B˜1(x, δ, σ)| ≤ R1, |y3| = |2l2−m3 | ≤ ε0.
Finally, since γ(1 + it) = (2i
7
2
t − 1)/(2−2 − 1), we see that (7.22) is an immediate
consequence of Lemma 7.19.
7.3.2. Estimation of µII,21+it(x): The contribution by those m for which 2
m > M20 δ
−6
0 .
For such m we have δ202
m/3 ≫ 1.
We shall have to distinguish three further subcases. Let us first assume that 2
2m
3 2−l|B˜1(x, δ, σ)| ≫
δ202
m
3 in (7.17). An integration by parts in v then shows that
|fm,x(2l)| .
(
2
2m
3 2−l|B˜1(x, δ, σ)|
)−1
.
The summation over those l for which 2
2m
3 2−l|B˜1(x, δ, σ)| ≫ δ202
m
3 can therefore be
estimated by a constant times
(
δ202
m
3
)−1
, so that the contribution of the corresponding
fm,x(2
l) to µII,21+it(x) can be estimated by
(7.24) Cδ
1
3
0
∑
2m>M20 δ
−6
0
2
m
18
(
δ202
m
3
)−1
. 1.
Assume next that 2−l2
2m
3 |B˜1(x, δ, σ)| . δ202
m
3 , but 2m−2l|B˜0(x, δ, σ)| ≫ δ202
m
3 . Then
an integration by parts in s3 shows that
|fm,x(2l)| .
(
2m−2l|B˜0(x, δ, σ)|
)−1
,
so that we can argue in the same way is in the preceding subcase to see that the
contribution of the corresponding fm,x(2
l) to µII,21+it(x) is again uniformly bounded with
respect to t, x, δ and σ.
We may thus assume that 2
2m
3 2−l|B˜1(x, δ, σ)| . δ202
m
3 and 2m−2l|B˜0(x, δ, σ)| . δ202
m
3 .
Then we may re-write
fm,x(2
l) =
∫
e−is3δ
2
02
m
3 Φ5(x,v,δ,m,2l) a
(
2l−
m
3 , v, x1, s3, δ; 2
m−2l, 2l
)
χ˜1(v)χ1(s3) dvds3,
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where
Φ5 := B˜2(x, δ02
l−m
3 v, δ, σ) v2 + δ−20 2
m
3
−lB˜1(x, δ, σ)v + 2
2m
3
−2lδ−20 B˜0(x, δ, σ).
Observe also that here |Φ˜5(x, v, δ,m, 2l)| . 1.
Let us first consider those l for which 2
2m
3 2−l|B˜1(x, δ, σ)| ≪ δ202
m
3 . Then the coefficient
of Φ5 of the linear term in v is small, so that we may change variables from v to
Φ5(x, v, δ,m, v), which then easily shows that fm,x(v) is of the form
fm,x(2
l) = F
(
δ202
m
3 ; 2
2m
3
−2lδ−20 B˜0(x, δ, σ), δ
−2
0 2
m
3
−lB˜1(x, δ, σ), 2
l−m
3 , δ; 2m−2l, 2l
)
,
where F is a smooth function which is a Schwartz function with respect to the first
variable, whose Schwartz norms are each uniformly bounded with respect to the other
variables. Moreover, F is uniformly a classical symbol of order 0 in both of the last
two variables. Similar statements apply also to the partial derivatives of F.
This clearly implies that |fm,x(2l)| . (δ202
m
3 )−N for every N ∈ N. However, such an
estimates is not sufficient in order to control the summation in l.
We therefore isolate the leading homogeneous term of order 0 of F with respect to
the last two variables, which gives a smooth function
h
(
δ202
m
3 ; 2
2m
3
−2lδ−20 B˜0(x, δ, σ), δ
−2
0 2
m
3
−lB˜1(x, δ, σ), 2
l−m
3 , δ
)
of bounded variables, and the remainder terms, which clearly can be estimated by a
constant times (δ202
m
3 )−N((2m−2l)−1 + 2−l). The second factor allows to sum in l, and
then the first factor (choosing N = 1) leads again to an estimate of the form (7.24) for
the contribution by the remainder terms.
In order to control the main term given by the function h, we shall again apply again
Lemma 7.19.
Let us here define a cuboid Q by the following set of restrictions, for suitable R1, ε2 >
0 :
|y1| = |2−2l2 2m3 δ−20 B˜0(x, δ, σ)| ≤ R1, |y2| = |2−lδ−20 2
m
3 B˜1(x, δ, σ)| ≤ ε2,
|y3| = |2l2−m3 | ≤ ε0, |y4| = |2−lδ302
m
2 | ≤ 1
(the last condition stems for the additional summation restriction in the definition of
µII,21+it(x)), and let us define Hm,δ(y1, . . . , y4) := h(δ
2
02
m
3 ; y1, y2, y3, δ). Then (choosing
N = 1)
‖Hm,δ‖C1(Q) ≤ C(δ202
m
3 )−1,
and thus Lemma 7.19 implies that the sum over the l’s in the definition of µII,21+it(x) can
be estimated by C(δ202
m
3 )−1, so that the remaining sum in m can again be estimated
by the expression in (7.24). This concludes the discussion of also this subcase.
We are thus eventually reduced to those l’s for which 2
2m
3 2−l|B˜1(x, δ, σ)| ∼ δ202
m
3 ≫ 1
and 2m−2l|B˜0(x, δ, σ)| . δ202
m
3 . Assume more precisely that we consider here pairs (m, l)
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for which
(7.25)
1
A
δ202
m
3 ≤ 2 2m3 2−l|B˜1(x, δ, σ)| ≤ Aδ202
m
3 ,
where A ≫ 1 is a fixed constant. In this situation, the phase Φ5 will have only non-
degenerate critical points of size 1 as a function of v, or none. The latter case can be
treated as before, so assume that we have a critical point vc such that |vc| ∼ 1 when
v ∼ 2l. Then we may apply the method of stationary phase in v in (7.17), which leads
to the following estimate for fm,x(2
l) :
|fm,x(2l)| .
(
δ202
m
3
)− 1
2
.
But, given m, (7.25) means that we are summing over at most logA2 different l’s,
and thus the contribution of those fm,x(2
l) which we are considering here to the sum
forming µII,21+it(x) can be estimated by
C logA2 δ
1
3
0
∑
2m>M20 δ
−6
0
2
m
18
(
δ202
m
3
)− 1
2
. 1.
Combining this estimate with the previous ones, we see that we can bound |µII,21+it(x)| ≤
C, with a constant C which is independent of t, x, δ and σ. This concludes the proof of
the estimate (7.11), hence of (7.8), (7.5), and consequently of Proposition 5.2 (c).
8. Proof of Proposition 5.2 (a),(b): Complex interpolation
For the proofs of parts (a) and (b) of Proposition 5.2 we shall make use of similar
interpolation schemes. A crucial result for part (a) will also be the following ana-
logue to Lemma 7.2, for oscillatory double-sums. Its proof follows similar ideas, but is
technically more involved and therefore postponed to the Appendix in Section 14.
Lemma 8.1. Let Q =
∏n
j=1 [−Rk, Rk] ⊂ Rn be a compact cuboid, with Rk > 0, k =
1, . . . , n, and let H be a C2-function on an open neighborhood of Q. Moreover, let
α1, α2 ∈ Q× and βk1 , βk2 ∈ Q such that the vectors (α1, α2) and (βk1 , βk2 ) are linearly
independent, for every k = 1, . . . , n, i.e.,
(8.1) α1β
k
2 − α2βk1 6= 0, k = 1, . . . , n.
For any given real numbers a1, . . . , an ∈ R× and M1,M2 ∈ N we then put
(8.2) F (t) :=
M1∑
m1=0
M2∑
m2=0
2i(α1m1+α2m2)t(HχQ)
(
2(β
1
1m1+β
1
2m2)a1, . . . , 2
(βn1m1+β
n
2m2)an
)
.
Then there is a constant C depending on Q and the numbers αi and β
k
i , but not on H,
the ak, M1,M2 and t, and a number N ∈ N× depending on the βki , such that
(8.3) |F (t)| ≤ C ‖H‖C2(Q)|ρ(t)| , for all t ∈ R, a1, . . . a2 ∈ R
×and M1,M2 ∈ N,
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where ρ(t) :=
∏N
ν=1 ρ˜(νt), with
ρ˜(t) := (2iα1t − 1)(2iα2t − 1)
n∏
k=1
(2i(α1β
k
2−α2β
k
1 )t − 1)
Remark 8.2. For ζ ∈ C and 0 < θ < 1, let us put
γ˜(ζ) := (2α1(ζ−1) − 1)(2α2(ζ−1) − 1)
n∏
k=1
(2(α1β
k
2−α2β
k
1 )(ζ−1) − 1)
Then γ˜(νθ)) 6= 0, so that γθ(ζ) :=
∏N
ν=1(γ˜(νζ)/γ˜(νθ)) is a well-defined entire analytic
function such that γθ(θ) = 1. Moreover, for ζ in the complex strip Σ := {ζ ∈ C : 0 ≤
Re ζ ≤ 1}, this function is uniformly bounded, and γθ(1 + it) = cθρ(t), so that
(8.4)
∣∣∣γ(1 + it)F (t)∣∣∣ ≤ C for all t ∈ R, a1, . . . a2 ∈ R×and M1,M2 ∈ N,
if F (t) is defined as in Lemma 8.1.
8.1. Estimate (5.59) in Proposition 5.2 (a). Recall that δ0 = 2
−j, and that
νVδ,j =
22j∑
λ1=2M+j
2−Mλ1∑
λ3=(2−M−jλ1)2
ν
(λ1,λ1,λ3)
j
(in this notation, summation is always meant to be over dyadic λj’s), and that, by
(5.51), ‖ν̂λj ‖∞ . λ−1/21 λ−1/23 . We therefore define here for ζ in the strip Σ = {ζ ∈ C :
0 ≤ Re ζ ≤ 1} an analytic family of measures by
µζ(x) := γ(ζ) δ
ζ
3
0
2j∑
k1=M+j
−M+k1∑
k3=−2M+2k1−2j
2
(3−7ζ)k1
6 2
(3−7ζ)k3
6 ν
(2k1 ,2k1 ,2k3 )
j ,
where γ(ζ) is an entire function which will serve a similar role as the function γ(z) in
Subsection 7.1. Its precise definition will be given later (based on Remark 8.2). It will
again be uniformly bounded on Σ, and such that γ(θc) = γ(3/7) = 1.
By Tζ we denote the operator of convolution with µ̂ζ . Observe that for ζ = θc = 3/7,
we have µθc = δ
1
7
0 ν
V
δ,j, hence Tθc = 2
− j
7T Vδ,j, so that, again by Stein’s interpolation
theorem, (5.59) will follow if we can prove the following estimates on the boundaries
of the strip Σ :
‖µ̂it‖∞ ≤ C ∀t ∈ R,(8.5)
‖µ1+it‖∞ ≤ C ∀t ∈ R.(8.6)
As before, the first estimate (8.5) is an immediate consequence of the estimates
(5.51), so let us concentrate of (8.6), i.e., assume that ζ = 1+ it, with t ∈ R. We then
have to prove that there is constant C such that
(8.7) |µ1+it(x)| ≤ C,
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where C is independent of t, x, δ and σ.
Let us introduce the measures µλ1,λ3 given by
µλ1,λ3(x) := (λ1λ3)
− 2
3 ν
(λ1,λ1,λ3)
j (x),
which allow to re-write
(8.8) µ1+it(x) = γ(1 + it) δ
1+it
3
0
δ−20∑
λ1=2M δ
−1
0
2−Mλ1∑
λ3=2−2M (δ0λ1)2
(λ1λ3)
− 7
6
itµλ1,λ3(x).
Notice that according to Remark 5.3
µλ1,λ3(x) = λ
4
3
1 λ
1
3
3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ1(x2 − δ0y2 − y21ω(δ1y1))
)
χˇ1
(
λ3
(
x3 − b0(y, δ) y22 − σyn1β(δ1y1)
))
η(y, δ) dy,
where η is supported where y1 ∼ 1 and |y2| . 1. Assume first that |x| ≫ 1. Since χˇ1
is rapidly decreasing, after scaling in y1 by the factor 1/λ1, we then easily see that
|µλ1,λ3(x)| ≤ CNλ
1
3
1 λ
−N
3 for every N ∈ N. Since 2j . λ1 ≤ 22j and (2−jλ1)2 . λ3 ≪ λ1
in the sum defining µ1+it(x), this easily implies (8.7).
From now on, we may and shall therefore assume that |x| . 1.
By means of the change of variables y1 7→ x1 − y1/λ1, y2 7→ y2/λ1/23 and Taylor
expansion around x1 we may re-write µλ1,λ3(x) = λ
1
3
1 λ
− 1
6
3 µ˜λ1,λ3(x), with
(8.9) µ˜λ1,λ3(x) :=
∫∫
χˇ1(y1)Fδ(λ1, λ3, x, y1, y2) dy1dy2,
where
Fδ(λ1, λ3, x, y1, y2) := η(x1 − λ−11 y1, λ−
1
2
3 y2, δ) χˇ1(D − Ey2 + r1(y1))
× χˇ1
(
A− y22b0(x1 − λ−11 y1, λ−
1
2
3 y2, δ) + λ3λ
−1
1 r2(y1)
)
.
Here, the quantities
A = A(x, λ3, δ) := λ3QA(x), D = D(x, λ1, δ) := λ1QD(x), E = E(λ1, λ3, δ) := δ0λ1λ
− 1
2
3 ,
with QA(x) := x3 − σxn1β(δ1x1), QD(x) := x2 − x21ω(δ1x1),(8.10)
do not depend on y1, y2, and ri(y1) = ri(y1;λ
−1
1 , x1, δ), i = 1, 2, are smooth functions
of y1 (and λ
−1
1 and x1) satisfying estimates of the form
(8.11)
|ri(y1)| ≤ C|y1|,
∣∣∣∣∣
(
∂
∂(λ−11 )
)l
ri(y1;λ
−1
1 , x1, δ)
∣∣∣∣∣ ≤ Cl|y1|l+1 for every l ≥ 1.
Notice that we may here assume that |y1| . λ1, because of our assumption |x| . 1 and
the support properties of η. It will also be important to observe that E = δ0λ1λ
− 1
2
3 ≤
2M/2 for the index set of λ1, λ3 over which we sum in (8.8).
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In order to verify (8.7), given x, we shall split the sum in (8.8) into three parts,
according to whether |A(x, λ3, δ)| ≫ 1, or |A(x, λ3, δ)| . 1 and |D(x, λ1, δ)| ≫ 1, or
|A(x, λ3, δ)| . 1 and |D(x, λ1, δ)| . 1.
1. The part where |A| ≫ 1. Denote by µ11+it(x) the contribution to µ1+it(x) by the
terms for which |A(x, λ3, δ)| > K, where K ≫ 1 is a large constant. We claim that
(8.12) |µ˜λ1,λ3(x)| .
1
|A| 12 , if |A| = |A(x, λ3, δ)| > K,
provided K is sufficiently large. This estimate will imply the right kind of estimate
|µ11+it(x)| . δ
1
3
0
∑
{λ3:1≤λ3≤δ
−2
0 , λ3|QA(x)|≥K}
∑
λ1≤δ
−1
0 λ
1
2
3
λ
1
3
1 λ
− 1
6
3
(λ3|QA(x)|) 12
.
∑
{λ3:1≤λ3≤δ
−2
0 , λ3|QA(x)|≥K}
1
(λ3|QA(x)|) 12
.
1
K
1
2
,
since we are summing over dyadic λ3’s.
In order to verify (8.12), observe first that an easy van der Corput type estimate for
the integration in y2 (making use of the last factor of Fδ) allows to estimate∫
|Fδ(λ1, λ3, x, y1, y2)| dy2 ≤ C,
where the constant C is independent of y1, x, λ and δ (recall that |b0| ∼ 1!). Let ε > 0.
It follows in particular that the contribution of the region where |y1| & |A|ε to µ˜λ1,λ3
can be estimated by the right-hand side of (8.12), because of the Schwartz- factor
χˇ1(y1) in the double integral defining µ˜λ1,λ3(x).
Let us thus consider the part of µ˜λ1,λ3(x) given by integrating over the region where
|y1| ≤ C|A|ε, where C is a fixed positive number. Here, according to (8.11) we have
|r2(y1)| . |A|ε, and hence |A + λ3λ−11 r2(y1)| ∼ |A|, is we choose for instance ε = 1/2
and K sufficiently large.
Then an easy estimation for the y2-integration leads to∫ ∣∣∣χˇ1(A− y22b0(x1 − λ−11 y1, λ− 123 y2, δ) + λ3λ−11 r2(y1))∣∣∣ dy2 . |A|− 12 ,
and integrating subsequently in y1 over the region |y1| ≤ C|A|ε, we again arrive at the
right-hand side of (8.12).
2. The part where |A| . 1 and |D| ≫ 1. Denote by µ21+it(x) the contribution to
µ1+it(x) by the terms for which |A(x, λ3, δ)| ≤ K and |D(x, λ1, δ)| > K. We claim that
here
(8.13) |µ˜λ1,λ3(x)| .
1
|D| , if |D| = |D(x, λ1, δ)| > K,
A SHARP RESTRICTION THEOREM 67
provided K is sufficiently large. It is again easy to see that this estimate will imply
the right kind of estimate for |µ21+it(x)| (just interchange the roles of A and D and of
λ1 and λ3 in the arguments of the previous situation).
In order to prove (8.13), consider first the contribution to µ˜λ1,λ3(x) given by integrat-
ing over the region where |y1| ≥ C|D|ε, where C is a fixed positive number. Arguing
in the same way as in the previous situation, we find that this part can be estimated
by the right-hand side of (8.13).
Next, we consider the contribution to µ˜λ1,λ3(x) given by integrating over the region
where |y1| < C|D|ε and |y2| ≫ C|D|ε. According to (8.11), we then have that |rj(y1)| .
|D|ε, j = 1, 2, so that we may assume that |A+ λ3λ−11 r2(y1)| ≪ |D|ε, hence
|A− y22b0(x1 − λ−11 y1, λ−
1
2
3 y2, δ) + λ3λ
−1
1 r2(y1)| & |D|2ε.
This easily implies that also this part of µ˜λ1,λ3(x) can be estimated by the right-hand
side of (8.13).
What remains is the contribution by the region where |y1| < C|D|ε and |y2| < C|D|ε
(with C isufficiently large, but fixed). Since E ≪ 1, we here have that D − Ey2 +
r1(y1)| & |D|, and again we see that we can estimate by the right-hand side of (8.13).
3. The part where |A| . 1 and |D| . 1. Denote finally by µ31+it(x) the contribution
to µ1+it(x) by the terms for which |A(x, λ3, δ)| ≤ K and |D(x, λ1, δ)| ≤ K. In this case,
it is easily seen from formula (8.9) and (8.11) that
µ˜λ1,λ3(x) = J˜(A,D,E, λ
−1
1 , λ
− 1
3
3 , λ3λ
−1
1 ),
where J˜ is a smooth function of all bounded variables, hence
δ
1
3
0 µλ1,λ3(x) = E
1
3 J(A,D,E
1
3 , λ−11 , λ
− 1
3
3 , λ3λ
−1
1 ),
where again J is a smooth function.
Let us write λ1 = 2
m1 , λ3 = 2
m2 , with m1, m2 ∈ N. In combination with (8.8) we then
see that δ
−it/3
0 µ1+it(x) can be written in the form (8.2), with (α1, α2) := (−76 ,−76) and
M1 = δ
−2
0 ,M2 := 2
−Mδ−20 . The cuboid Q is defined by the following set of restrictions:
|y1| = |λ3QA(x)| ≤ K, |y2| = λ1|QD(x)| ≤ K, |y3| = |E 13 | = λ
1
3
1 λ
− 1
6
3 δ
1
3
0 ≤ 2
M
3 ,
|y4| = λ−11 ≤ 1, |y5| = λ−
1
3
3 ≤ 1, |y6| = |λ−11 λ3| ≤ 2−M , |y7| = |λ21λ−13 δ20| ≤ 2M ,
|y8| = |λ−11 δ−10 | ≤ 2−M .
The first three conditions arise from our assumptions |A| . 1, |D| . 1, |E| . 1, and
the last three from the restrictions on the summation indices in (8.8). Moreover, for
the functionH in Lemma 8.1, we my chooseH(y1, . . . , y8) := y3J(y1, . . . , y6). The corre-
sponding vectors (βk1 , β
k
2 ) are given by (0, 1), (1, 0), (1/3,−1/6), (−1, 0), (0,−1/3), (2,−1),
(−1, 1) and (−1, 0). Therefore, if we choose for γ(ζ) the corresponding function γ3/7(ζ)
of Remark 8.2, then Lemma 8.1 shows that indeed also µ31+it(x) satisfies the estimate
(8.7).
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This concludes the proof of Proposition 5.2 (a).
8.2. Estimate (5.60) in Proposition 5.2 (b). Recall that δ0 = 2
−j, and that
νV Iδ,j :=
22j∑
λ1=2M+j
(2−M−jλ1)2∑
λ3=2
ν
(λ1,λ1,λ3)
j
(in this notation, summation is always meant to be over dyadic λj’s), and that, by
(5.51), ‖ν̂λj ‖∞ . λ−1/21 λ−1/23 . We therefore define here for ζ in the strip Σ = {ζ ∈ C :
0 ≤ Re ζ ≤ 1} an analytic family of measures by
µζ(x) := γ(ζ) δ
ζ
3
0
2j∑
k1=M+j
−2M+2k1−2j∑
k3=1
2
(3−7ζ)k1
6 2
(3−7ζ)k3
6 ν
(2k1 ,2k1 ,2k3)
j ,
where here we need to put
γ(ζ) :=
2
7
2
(1−z) − 1
3
.
By Tζ we denote the operator of convolution with µ̂ζ . Observe that for ζ = θc = 3/7,
we have µθc = δ
1
7
0 ν
V I
δ,j , hence Tθc = 2
− j
7T V Iδ,j , so that, arguing exactly as in the preceding
subsection by means of Stein’s interpolation theorem, (5.60) will follow if we can prove
that there is constant C such that
(8.14) |µ1+it(x)| ≤ C,
where C is independent of t, x, δ and σ.
As before, we introduce the measures µλ1,λ3 given by
µλ1,λ3(x) := (λ1λ3)
− 2
3 ν
(λ1,λ1,λ3)
j (x),
which allow to re-write
(8.15) µ1+it(x) = γ(1 + it) δ
1+it
3
0
22j∑
λ1=2M+j
(2−M−jλ1)2∑
λ3=2
(λ1λ3)
− 7
6
itµλ1,λ3(x).
Recall also that according to Remark 5.3
µλ1,λ3(x) = λ
4
3
1 λ
1
3
3
∫
χˇ1
(
λ1(x1 − y1)
)
χˇ1
(
λ1(x2 − δ0y2 − y21ω(δ1y1))
)
χˇ1
(
λ3(x3 − b0(y, δ) y22 − σyn1β(δ1y1)
)
η(y, δ) dy,
where η is supported where y1 ∼ 1 and |y2| . 1. Assume first that |x| ≫ 1. If |x1| ≫ 1
or |x2| ≫ 1, this easily implies that |µλ1,λ3(x)| ≤ CNλ−N1 ≤ (λ1λ2)−N/2 for every N ∈ N,
because λ1 ≫ λ1/23 . Thus (8.14) follows immediately.
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And, if |x3| ≫ 1, we may estimate the last factor in the integrand by CNλ−N3 , and
then easily obtain that |µλ1,λ3(x)| ≤ CNλ4/31 λ1/3−N3 λ−11 (λ1δ0)−1 = 2jλ−2/31 λ1/3−N3 . Sum-
ming first over all λ1 ≫ 2jλ1/23 , and then over λ3, we find that |µ1+it(x)| . δ1/30 2j/3 . 1.
From now on, we may and shall therefore assume that |x| . 1.
By means of the change of variables y1 7→ x1 − y1/λ1, y2 7→ y2/(δ0λ1) we re-write
µλ1,λ3(x) = δ
−1
0 λ
− 2
3
1 λ
1
3
3 µ˜λ1,λ3(x), with
(8.16) µ˜λ1,λ3(x) :=
∫∫
χˇ1(y1)F˜δ(λ1, λ3, x, y1, y2) dy1dy2,
where
F˜δ(λ1, λ3, x, y1, y2) := η(x1 − λ−11 y1, δ−10 λ−11 y2, δ) χˇ1(D − y2 + r1(y1))
× χˇ1
(
A+ y22E b0(x1 − λ−11 y1, δ−10 λ−11 y2, δ) + λ3λ−11 r2(y1)
)
.
The quantities
A := λ3QA(x), D := λ1QD(x), E :=
λ3
(δ0λ1)2
,
with QA(x) := x3 − σxn1β(δ1x1), QD(x) := x2 − x21ω(δ1x1),(8.17)
appearing here again do not depend on y1, y2, and the functions ri(y1) are as before
(i.e., they are indeed smooth functions of y1, λ
−1
1 , x1 and δ, and satisfy again estimates
of the form (8.11). Notice that also here we have that λ3/λ1 ≪ 1. Recall also that
we may assume that |y1| . λ1, because of our assumption |x| . 1 and the support
properties of η, and that δ−10 λ
−1
1 ≪ 1. Observe finally that our summation conditions
imply that E ≪ 1.
Notice also that the first factor χˇ1(y1) in (8.16) in combination with the second factor
of Fδ clearly allow for a uniform estimate
|µ˜λ1,λ3(x)| . 1, hence δ
1
3
0 |µλ1,λ3(x)| .
( λ 123
δ0λ1
) 2
3
.
However, these estimate are not quite sufficient in order to prove estimate (8.15), and
so we need to improve on them. The second estimate suggest to introduce new dyadic
summation variables λ0, λ4 in place of λ1, λ3 so that
(8.18) λ3 = λ
2
4 and λ1 =
λ0λ4
δ0
,
for in these new variables we would have δ
1
3
0 |µλ1,λ3(x)| . λ−2/30 .
More precisely, recalling that λ3 = 2
k3, we decompose the summation over k3 in
(8.15) into two arithmetic progressions, by writing k3 = 2k4 + i, with i ∈ {0, 1} fixed
for each of these progressions. Since all of these sums can be treated in essentially the
same way, let us assume for simplicity that i = 0, so that k3 = 2k4. Putting λ4 := 2
k4
and λ0 := 2
k0, and writing k1 := k0 + k4 + j, we indeed obtain (8.18). Replacing
without loss of generality the sum over the dyadic λ3 in (8.15) by the sum over the
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corresponding arithmetic progression with i = 0, it is also easy to check that the
summation restrictions 2M+j ≤ λ1 ≤ 22j and 2 ≤ λ3 ≤ (2−M−jλ1)2 are equivalent to
the conditions
2M ≤ λ0 ≤ (2δ0)−1, 2 ≤ λ4 ≤ (δ0λ0)−1.
We may thus estimate in (8.15)
|µ1+it(x)| ≤
(2δ0)−1∑
λ0=2M
λ
− 2
3
0
∣∣∣γ(1 + it) (δ0λ0)−1∑
λ4=2
λ
− 7
2
it
4 µ˜λ0λ4
δ0
,λ24
(x)
∣∣∣.
For λ0 and x fixed, let us put
fλ0,x(λ4) := µ˜λ0λ4
δ0
,λ24
(x),
ρt,λ0(x) := γ(1 + it)
(δ0λ0)−1∑
λ4=2
λ
− 7
2
it
4 fλ0,x(λ4).
The previous estimate shows that in order to verify (8.14), it will suffice to prove the
following uniform estimate: there exist constants C > 0 and ǫ ≥ 0 with ǫ < 2/3, so
that for all x with |x| . 1 and δ sufficiently small we have
(8.19) |ρt,λ0(x)| ≤ Cλǫ0 for 2M ≤ λ0 ≤ (2δ0)−1.
In order to prove this, observe that by (8.16)
(8.20) fλ0,x(λ4) =
∫∫
χˇ1(y1)Fδ(λ0, λ4, x, y1, y2) dy1dy2,
where
Fδ(λ0, λ4, x, y1, y2) := η(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1y2, δ) χˇ1(D − y2 + r1(y1))
× χˇ1
(
A+ y22E b0(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1y2, δ) + λ3λ−11 r2(y1)
)
and
A = A(x, λ4, δ) = λ
2
4QA(x), D = D(x, λ0, λ4, δ) =
λ0λ4
δ0
QD(x), E = E(λ0) =
1
λ20
,
with QA(x) := x3 − σxn1β(δ1x1), QD(x) := x2 − x21ω(δ1x1),(8.21)
Given x and λ0, we shall split the summation in λ4 into sub-intervals, according to
whether |D| ≫ 1, |D| . 1 and |A| ≫ 1, or |D| . 1 and |A| . 1.
1. The part where |D| ≫ 1. Denote by ρ1t,λ0(x) the contribution to ρt,λ0(x) by the
terms for which |D| ≫ 1.
We first consider the contribution to fλ0,x(λ4) given by integrating in (8.20) over
the region where |y1| & |D|ε (where ε > 0 is assumed to be sufficiently small). Here,
the rapidly decaying first factor χˇ1(y1) in (8.16) leads to an improved estimate of this
contribution of the order |D|−N for every N ∈ N, which allows to sum over the dyadic
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λ4 for which λ4|λ0QD(x)/δ0| = |D| ≫ 1, and the contribution to ρt,λ0(x) is of order
O(1), which is stronger than what is needed in (8.19).
We may therefore restrict ourselves in the sequel to the region where |y1| ≪ |D|ε.
Observe that, because of (8.11), this implies in particular that |ri(y1)| ≪ |D|ε, i = 1, 2.
By looking at the second factor in Fδ, we again see that the contribution by the regions
where in addition |y2| < |D|/2, or |y2| > 3|D|/2, is again of the order |D|−N for every
N ∈ N, and their contributions to ρ1t,λ0(x) are again admissible.
What remains is the region where |y1| ≪ |D|ε and |D|/2 ≤ |y2| ≤ 3|D|/2. In addition,
we may assume that y2 and D have the same sign, since otherwise we can estimate as
before. Let us therefore assume, e.g., that D > 0, and that D/2 ≤ y2 ≤ 3D/2.
The change of variables y2 7→ Dy2 then allows to re-write the corresponding contri-
bution to fλ0,x(λ4) as
(8.22) f˜λ0,x(λ4) := D
∫
|y1|≪|D|ε
∫
1/2≤y2≤3/2
χˇ1(y1)F˜δ(λ0, λ4, x, y1, y2) dy2dy1,
where here
F˜δ(λ0, λ4, x, y1, y2) := η(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1Dy2, δ) χˇ1(D −Dy2 + r1(y1))
× χˇ1
(
A+ y22ED
2 b0(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1Dy2, δ) + λ3λ−11 r2(y1)
)
Recall also that |b0| ∼ 1, and notice that, according to Remark 5.3, |∂y2b0| . δ0δ2 ≪ 1.
In combination with the localization given by η, this shows that, given y1, we may
change variables from y2 to z := y
2
2ED
2 b0(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1Dy2, δ), and use
the last factor of F˜δ in order to estimate the integral in y2 (respectively z) by C|ED2|−1.
Subsequently, we may estimate the integration with respect to y1 by means of the factor
χˇ1(y1), and find that
|f˜λ0,x(λ4)| ≤ C
D
|ED2| = C
1
|ED| .
Interpolating this with the trivial estimate |f˜λ0,x(λ4)| ≤ C leads to
|f˜λ0,x(λ4)| ≤ C
1
|ED| ǫ2 = Cλ
ǫ
0|D|−
ǫ
2 ,
where we chose ǫ > 0 so that ǫ < 2/3. The factor |D|−ǫ/2 then allows to sum in λ4, and
we see that altogether we arrive at the estimate |ρ1t,λ0(x)| ≤ Cλǫ0. This completes the
proof of estimate (8.19) in this first case.
2. The part where |D| . 1 and |A| ≫ 1. Denote by ρ2t,λ0(x) the contribution to
ρt,λ0(x) by the terms for which |D| . 1 and |A| ≫ 1. Arguing in a similar way as in the
previous case, only with D replaced by A, we see that we may restrict to the regions
where |y1| . |A|ε and |y2| . |A|ε (where ε > 0 is any fixed, positive constant). In
the remaining regions, we can gain a factor CN |A|−N in the estimate of fλ0,x(λ4) in a
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trivial way. But, if |y1| . |A|ε and |y2| . |A|ε, and if ε > 0 is sufficiently small, then∣∣∣A + y22E b0(x1 − δ0(λ0λ4)−1y1, (λ0λ4)−1y2, δ) + λ3λ−11 r2(y1)∣∣∣ & |A|,
and thus we obtain an estimate of the same kind, i.e.,
|fλ0,x(λ4)| ≤ CN |A|−N for every N ∈ N.
Summing over all dyadic λ4 such that λ
2
4|QA(x)| = |A| ≫ 1, this implies |ρ2t,λ0(x)| ≤ C.
3. The part where |D| . 1 and |A| . 1. Denote by ρ3t,λ0(x) the contribution to
ρt,λ0(x) by the terms for which |D| ≤ K and |A| ≤ K, where K > 0 is a sufficiently
large constant. Observe that ρ3t,λ0(x) can again be estimated by means of Lemma
7.2. Indeed, the cuboid Q will here be defined by means of the conditions |D| ≤
K, |A| ≤ K and w1 := λ−11 δ−10 = λ−14 λ−10 ≤ 2−M−1, w2 := λ3/λ1 = λ4(δ0/λ0) ≤
2−2M , λ4(δ0λ0) ≤ 1 (compare also the properties of the functions ri(y1)) and if we
define M := 1/(δ0λ0), α := −7/2 and
Hx,δ(A,D,E, w1, w2)
:=
∫∫
χˇ1(y1)η(x1 − δ0w1y1, w2y2, δ)χˇ1(D − y2 + r1(y1; δ0w1, x1, δ))
×χˇ1
(
A + y22E b0(x1 − δ0w1y1, w1y2, δ) + w2r2(y1; δ0w1, x1, δ)
)
dy1dy2,
then (8.20) shows that fλ0,x(λ4) = Hx,δ(A,D,E, w1, w2), and γ(1 + it)
−1ρ3t,λ0(x) is an
oscillatory sum of the form (7.18) (with summation index l := k4). Moreover, one
easily checks that
‖Hx,δ‖C1(Q) ≤ C,
with a constant C which does not depend on x and δ. Applying Lemma 7.2, we therefore
obtain the estimate |ρ3t,λ0(x)| ≤ C. This completes the proof of estimate (8.19), and
hence also the proof of Proposition 5.2 (b).
9. The case when h lin(φ) ≥ 2 : preparatory results
Recall that h = h(φ) > 2 when h lin ≥ 2, and that we assume that the original coordi-
nates x are linearly adapted, so that d = h lin ≥ 2.Moreover, based on Varchenko’s algo-
rithm, we can locally find an adapted coordinate system y1 = x1, y2 = x2−ψ(x1) for the
function φ near the origin. In these coordinates, φ is given by φa(y) := φ(y1, y2+ψ(y1))
(cf. (1.8),(1.9)).
Also recall that the vertices of the Newton polyhedron N (φa) of φa are assumed
to be the points (Al, Bl), l = 0, . . . , n, so that the Newton polyhedron N (φa) is the
convex hull of the set
⋃
l((Al, Bl) + R
2
+), where Al−1 < Al for every l ≥ 1. Moreover,
Ll := {(t1, t2) ∈ R2 : κl1t1 + κl2t2 = 1} denotes the line passing through the points
(Al−1, Bl−1) and (Al, Bl), and al = κ
l
2/κ
l
1. The al can be identified as the distinct
leading exponents of all the roots of φa in case that φa is analytic (see Section 3 of
[17]), and the cluster of roots whose leading exponent in their Puiseux series expansion
is given by al is associated to the edge γl = [(Al−1, Bl−1), (Al, Bl)] of N (φa).
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As before, following Subsection 8.2 of [17], we choose the integer l0 ≥ 1 such that
−∞ =: a0 < · · · < al0−1 ≤ m < al0 < · · · < al < al+1 < · · · < an.
As has been shown in Section 3 of [17], the vertex (Al0−1, Bl0−1) lies strictly above
the bisectrix, i.e., Al0−1 < Bl0−1, since the original coordinates x were assumed to be
non-adapted.
Following in a slightly modified way the discussion in Section 3 of [17] we single out
a particular edge by fixing the corresponding index lpr ≥ l0:
Cases:
(a) If the principal face π(φa) of N (φa) is a compact edge, we choose lpr so that
the edge γlpr = [(Alpr−1, Blpr−1), (Alpr , Blpr )] is the principal face π(φ
a) of the
Newton polyhedron of φa.
(b) If π(φa) is the vertex (h, h), we choose lpr so that (h, h) = (Alpr−1, Blpr−1).
Then(h, h) is the right endpoint of the compact edge γlpr−1.
(c) If the principal face π(φa) is unbounded, i.e., a half-line given by t1 ≥ A and
t2 = h := B, with A < B, then we distinguish two subcases:
(c1) If the point (A,B) is the right endpoint of a compact edge of N (φa), then
we choose again lpr so that this edge is given by γlpr−1.
(c2) Otherwise, (A,B) is the only vertex of N (φa), i.e., N (φa) = (A,B) + R2+.
We also put
(9.1) a :=

alpr in Case (a);
alpr−1 in Case (b) and Case (c1);
m in Case (c2).
Following [17] and [18], in the cases (a) - (c1) we shall decompose the domain (4.1)
in which ρ1 is supported into subdomains
Dl := {(x1, x2) : εlxal1 < |x2 − ψ(x1)| ≤ Nlxal1 }, l = l0, . . . , lpr − 1,
which correspond to the κl-homogeneous domains Dal := {(y1, y2) : εlyal1 < |y2| ≤
Nly
al
1 } in our adapted coordinates y, and intermediate “transition” domains
El := {(x1, x2) : Nl+1xal+11 < |x2 − ψ(x1)| ≤ εlxal1 },
where l = l0, . . . , lpr − 1 in Case (a), and l = l0, . . . , lpr − 2 in all other cases, as well as
the “first” transition domain
El0−1 := {(x1, x2) : Nl0xal01 < |x2 − ψ(x1)| ≤ εl0xm1 },
corresponding to the y-domains Eal := {(y1, y2) : Nl+1yal+11 < |y2| ≤ εlyal1 }, respectively
Eal0−1 := {(y1, y2) : Nl0y
al0
1 < |y2| ≤ εl0ym1 }. Here, the εl > 0 are small and the Nl > 0
are large parameters to be determined later. We remark that the domain El0−1 can be
written like El with l = l0 − 1 if we replace, with some slight abuse of notation, al0−1
by m and κl0−1 by κ. We shall make use of this unified way of describing El in the
sequel.
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What will remain after removing these domains is a domain of the form
(9.2) Dpr :=
{
{(x1, x2) : |x2 − ψ(x1)| ≤ Nxa1} in Case (a);
{(x1, x2) : |x2 − ψ(x1)| ≤ εxa1}, in all other cases,
where N is sufficiently large and ε sufficiently small.
In the cases (c1) and (c2), we shall furthermore regard the domains
(9.3) Elpr−1 := Dpr = {(x1, x2) : |x2 − ψ(x1)| ≤ εxa1}
as “generalized” transition domains. Notice that in the Case (c2) this domain will
cover the domain in (4.1), since here a = m, so that the proof of Proposition 4.3
will be complete once we shall have handled all these transitions domains in the next
section. In a similar way, the discussion of Case (c1) will be complete once we have
handled the domains El and Dl. This will eventually reduce our problem to studying
the domain Dpr in the cases (a) and (b).
10. Restriction estimates in the transition domains when h lin(φ) ≥ 2
Following a standard approach, we would like to study the contributions of the
domains El by means of a decomposition of the corresponding y-domains E
a
l into
dyadic rectangles. These rectangles correspond to a kind of “curved boxes” in the
original coordinates x, so that we cannot achieve the localization to them by means
of Littlewood-Paley decompositions in the variables x1 and x2. However, the following
lemma shows that this localization can nevertheless be induced by means of Littlewood-
Paley decompositions in the variables x1 and x3.
We shall formulate this lemma for a general smooth, finite type function Φ with
Φ(0, 0) = 0 and ∇Φ(0, 0) = 0 in place of φa, since it will by applied not only to
φa. However, we shall keep the notation introduced for φa, denoting for instance by
(Al, Bl), l = 0, . . . , n the vertices of the Newton polyhedron of Φ, by κ
l the weight
associated to the edge γl = [(Al−1, Bl−1), (Al, Bl)], etc..
Lemma 10.1. For l ≥ l0, let [(Al−1, Bl−1), (Al, Bl)] and [(Al, Bl), (Al+1, Bl+1)] be two
subsequent compact edges of N (Φ), with common vertex (Al, Bl), and associated weights
κl and κl+1. Recall also that al = κ
l
2/κ
l
1 < al+1 = κ
l+1
2 /κ
l+1
1 . For a given M > 0, and
δ > 0 sufficiently small, consider the domain
Ea := {(y1, y2) : 0 < y1 < δ, 2Myal+11 < |y2| ≤ 2−Myal1 }.
(a) There is a constant C > 0 such that
(10.1) Φ(y) = cAl,Bly
Al
1 y
Bl
2
(
1 +O(δC + 2−M)
)
on Ea,
where cAl,Bl denotes the Taylor coefficient of Φ corresponding to (Al, Bl). More pre-
cisely, Φ(y) = cAl,Bly
Al
1 y
Bl
2 (1 + g(y)), where |g(β)(y)| ≤ Cβ(δC + 2−M)|y−β11 y−β22 | for
every multi-index β ∈ N2.
(b) For M, j ∈ N sufficiently large, the following conditions are equivalent:
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(i) y1 ∽ 2
−j, (y1, y2) ∈ Ea and 2Alj+BlkΦ(y) ∽ 1;
(ii) y1 ∽ 2
−j, y2 ∽ 2
−k and alj +M ≤ k ≤ al+1j −M .
Moreover, if we set φj,k(x) := 2
Alj+BlkΦ(2−jx1, 2
−kx2), then under the previous con-
ditions we have that φj,k(x) = cAl,Blx
Al
1 x
Bl
2
(
1 + O(2−Cj + 2−M)
)
on the set where
x1 ∼ 1, |x2| ∼ 1, in the sense of the C∞ - topology.
The statements in (a) and (b) remain valid also in the case where l = l0 − 1.
Proof. When Φ is analytic, these results have essentially been proven in Section 8.3 of
[17], at least implicitly. We shall here give an elementary proof which works also for
smooth functions Φ.
We begin with the case where l > l0. Notice first that (b) is an immediate consequence
of (a). In order to prove (a), let us denote by ΦN the Taylor polynomial of degree N
of Φ centered at the origin. Since (Φ−ΦN )(y1, y2) = O(|y1|N + |y2|N), it is easily seen
that y−Al1 y
−Bl
2 (Φ−ΦN)(y1, y2) = O(2−BlM) on Ea, provided N is sufficiently large and
δ small. It therefore suffices to prove (10.1) for ΦN in place of Φ.
If Φ((y1, y2) ∼
∑∞
α1,α2=0
cα1,α2y
α1
1 y
α2
2 is the Taylor series of of Φ centered at the origin,
then we decompose the polynomial ΦN as ΦN = P
+ + P−, where
P+(y1, y2) :=
∑
α1+α2≤N,α2>Bl
cα1,α2y
α1
1 y
α2
2 , P
−(y1, y2) :=
∑
α1+α2≤N,α2≤Bl
cα1,α2y
α1
1 y
α2
2 .
Let (α1, α2) be one of the multi-indices appearing in P
−, and assume it is different
from (Al, Bl). Let (y1, y2) ∈ Ea, and assume, for notational convenience, that y2 > 0.
Since clearly Al, Bl > 0, we have
yα11 y
α2
2
yAl1 y
Bl
2
= yα1−Al1 y
α2−Bl
2 ≤ yα1−Al1
(
2My
al+1
1
)α2−Bl
= 2(α2−Bl)My
α1+al+1α2−(Al+al+1Bl)
1 .
It is easy to see that Al + al+1Bl = Al+1 + al+1Bl+1, so that
(10.2)
yα11 y
α2
2
yAl1 y
Bl
2
≤ 2(α2−Bl)Myα1+al+1α2−(Al+1+al+1Bl+1)1 .
But, since γl+1 is an edge of N (Φ), we have that κl+11 α1 + κl+12 α2 ≥ 1, i.e., α1 +
al+1α2 ≥ (κl+11 )−1, whereas Al+1 + al+1Bl+1 = (κl+11 )−1. Thus, (10.2) implies that
yα11 y
α2
2 ≤ 2(α2−Bl)M yAl1 yBl2 , so that yα11 yα22 ≤ 2−M yAl1 yBl2 when α2 < Bl. And, when
α2 = Bl, then (α1, α2) lies in the interior of N (Φ), so that α1 + al+1α2 − (Al+1 +
al+1Bl+1) > 0, hence y
α1
1 y
α2
2 ≤ δC yAl1 yBl2 for some positive constant C.
The estimates of the derivatives of g(y) = Φ(y)/cAl,Bly
Al
1 y
Bl
2 − 1 follow in a very
similar way.
The terms in P+ can be estimated analogously, making use here of the estimates
y2 ≤ 2−Myal1 and κl1α1 + κl2α2 ≥ 1. This proves (a).
Finally, if l = l0, exactly the same arguments work, if we re-define al0−1 to be m and
κl0−1 to be κ, since κ2/κ1 = m. Q.E.D.
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A similar result applies also to the generalized transition domains Elpr−1 arising in
the cases (c1) and (c2), provided we can factor the root y2 = 0 to its given order,
which applies in particular when Φ is real-analytic (some easy examples show that it
may be false otherwise). Recall that in these cases, the principal face of N (φa) is an
unbounded half-line with left endpoint (A,B). More generally, we have the following
result:
Lemma 10.2. Assume that (A,B) is a vertex of N (Φ) such that the unbounded hor-
izontal half-line with left endpoint (A,B) is a face of N (Φ), and assume in addition
that Φ factors as Φ(y1, y2) = y
B
2 Υ(y1, y2), with a smooth function Υ. Moreover, let
Lκ := {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1} be a non-horizontal supporting line for N (Φ)
(i.e., κ1 > 0) passing through (A,B), and let a := κ1/κ1. We then put
Ea := {(y1, y2) : 0 < y1 < δ, |y2| ≤ 2−Mya1}.
(a) There is a constant C > 0 such that
(10.3) Φ(y) = cA,B y
A
1 y
B
2
(
1 +O(δC + 2−M)
)
on Ea,
where cA,B denotes the Taylor coefficient of Φ corresponding to (A,B). More precisely,
Φ(y) = cA,By
A
1 y
B
2 (1 + g(y)), where |g(β)(y)| ≤ Cβ(δC + 2−M)|y−β11 y−β22 | for every multi-
index β ∈ N2.
(b) For M, j ∈ N sufficiently large, the following conditions are equivalent:
(i) y1 ∽ 2
−j, (y1, y2) ∈ Ea and 2Aj+BkΦ(y) ∽ 1;
(ii) y1 ∽ 2
−j, y2 ∽ 2
−k and aj +M ≤ k.
Moreover, if we set φj,k(x) := 2
Aj+BkΦ(2−jx1, 2
−kx2), then under the previous condi-
tions we have that φj,k(x) = cA,Bx
A
1 x
B
2
(
1 + O(2−Cj + 2−M)
)
on the set where x1 ∼
1, |x2| ∼ 1, in the sense of the C∞ - topology.
Proof. It suffices again to prove (a).
By our assumption, Φ(y1, y2) = y
B
2 Υ(y1, y2), so that Φ(y)/y
A
1 y
B
2 = Υ(y)/y
A
1 . Approx-
imating Υ by its Taylor polynomial of sufficiently high degree, we again see that we
may reduce to the case where Υ, hence Φ, is a polynomial. Then let (α1, α2) be any
point different from (A,B) in its Taylor support. Since α2 ≥ B, assuming again that
y2 > 0, we see that
yα11 y
α2
2
yA1 y
B
2
= yα1−A1 y
α2−B
2 ≤ yα1−A1
(
2−Mya1
)α2−B
= 2−(α2−B)My
α1+aα2−(A+aB)
1 .
Moreover, clearly α1 + aα2 ≥ A+ aB, and α1 + aα2 > A+ aB when α2 = B. We can
thus argue in a very similar way as in the proof of Lemma 10.1 to finish the proof.
Q.E.D.
Let us now fix l ∈ {l0− 1, . . . , lpr − 1}, and consider the corresponding (generalized)
transition domain El from Section 9, which can be written as
El = {(x1, x2) : Nxal+11 < |x2 − ψ(x1)| ≤ εxal1 },
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where, with some slight abuse of notation, we have again re-defined al0−1 := m, and
put alpr :=∞ in the cases (c1) and (c2), so that xalpr1 := 0, by definition.
Following [17], we shall localize to the domain El by means of a cut-off function
τl(x1, x2) := χ0
(x2 − ψ(x1)
εxal1
)
(1− χ0)
(x2 − ψ(x1)
Nx
al+1
1
)
,
where χ0 ∈ C∞0 (R) is again supported in [−1, 1] and χ0 ≡ 1 on [−1/2, 1/2] (actually,
χ0 may depend on l). In Case (c), when l = lpr − 1 and alpr = ∞, the second factor
has to be interpreted as 1, i.e.,
τlpr−1(x1, x2) = χ0
(x2 − ψ(x1)
εxa1
)
.
Recall that φ is assumed to satisfy Condition (R).
Proposition 10.3. Let l ∈ {l0 − 1, . . . , lpr − 1}. Then, if ε > 0 is chosen sufficiently
small and N > 0 sufficiently large,(∫
S
|f̂ |2 dµτl
)1/2
≤ Cp‖f‖Lp(R3), f ∈ S(R3),
whenever p′ ≥ p′c.
Proof. Consider partitions of unity
∑
j χj(s) = 1 and
∑
k χ˜j,k(s) = 1 on R \ {0} with
χ, χ˜ ∈ C∞0 (R) supported in [−2,−1/2]∪ [1/2, 2] respectively [−2Bl,−2−Bl ]∪ [2−Bl, 2Bl],
where χj(s) := χ(2
js) and, for j fixed, χ˜j,k(s) := χ(2
Alj+Blks), and let
χj,k(x1, x2, x3) := χj(x1)χ˜j,k(x3) = χ(2
jx1)χ˜(2
Alj+Blkx3) , j, k ∈ Z.
Notice here that Bl > Bl+1 ≥ 0. We next put µj,k := χj,kµτl, and assume that µ has
sufficiently small support near the origin. Then clearly µj,k = 0, unless j ≥ j0, where
j0 > 0 is a large number which we can still choose suitably later. But then, according
to Lemma 10.1, we may assume in addition that
(10.4) alj +M ≤ k ≤ al+1j −M,
where M is a large number. Indeed, we may choose N := 2M and ε := 2−M , and then
Lemma 10.1 (b) shows that µj,k = 0 for all pairs (j, k) not satisfying (10.4). Notice that
this also implies that k ≥ k0 for some large number k0. Observe also that the measure
µj,k is supported over a “curved box” given by x1 ∼ 2−j and |x2 − ψ(x1)| . 2−k. This
shows that the localization that we have achieved by means of the cut-off function χj,k
is very similar to the localization that we could have imposed by means of the cut-off
function χ(2−jx1)χ
(
2−k(x2 − ψ(x1)
)
.
Then, applying again Littlewood-Paley theory, now in the variables x1 and x3, and
interpolating with the trivial L1 → L∞ estimate for the Fourier transform, we see that
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in order to prove Proposition 10.3, it suffices to prove uniform restriction estimates for
the measures µj,k at the critical exponent, i.e., that
(10.5)
∫
S
|f̂ |2 dµj,k ≤ C‖f‖2Lpc(R3), when (j, k) satisfies (10.4) and j ≥ j0,
provided M and j0 are chosen sufficiently large.
We introduce the normalized measures νj,k given by
〈νj,k, f〉 :=
∫
f(x1, 2
mj−kx2 + x
m
1 ω(2
−jx1), φj, k(x1, x2)) aj, k(x) dx,
where
aj, k(x) = η
(
2−jx1, 2
−kx2 + ψ(2
−jx1)
) [
χ0
(
2alj+M−k
x2
xal1
)
(1− χ0)
(
2al+1j−M−k
x2
x
al+1
1
)]
×χ(x1)χ˜
(
φj, k(x1, x2)
)
.
Here, according to Lemma 10.1, the functions φj,k satisfy
φj, k(x1, x2) = cx
Al
1 x
Bl
2 +O(2
−M) in C∞
on domains where x1 ∼ 1, |x2| ∼ 1, and the amplitude aj,k in the integral above is
supported in such a domain.
Observe that
(10.6) 〈µj,k, f〉 = 2−j−k
∫
f(2−jy1, 2
−mjy2, 2
−(Alj+Blk)y3) dνj,k(y),
which follows easily by means of a change to adapted coordinates in the integral defining
the measure µj,k and scaling in x1 by the factor 2
−j and in x2 by the factor 2
−k.
We observe that the measure νj,k is supported on the surface given by
Sj,k := {(x1, 2mj−kx2 + xm1 ω(2−jx1), φj, k(x1, x2)) : x1 ∼ 1 ∼ x2}.
which is a small perturbation of the limiting surface
S∞ := {(x1, xm1 ω(0), cxAl1 xBl2 ) : x1 ∼ 1 ∼ x2},
since mj−k ≤ alj−k ≤ −M because of (10.4). Notice also that |∂(cxAl1 xBl2 )/∂x2| ∼ 1,
since Bl ≥ 1. This show that S∞ and hence also Sj,k (for j and M suffciently large)
is a smooth hypersurface with one non-vanishing principal curvature (with respect to
x1) of size ∼ 1. This implies that
|ν̂j,k(ξ)| ≤ C(1 + |ξ|)−1/2,
uniformly in j and k.
Moreover, the total variations of the measures νj,k are uniformly bounded, i.e.,
supj,k ‖νj,k‖1 <∞.
We may thus apply again Greenleaf’s result [14] in order to prove that
(10.7)
∫
|f̂ |2 dνj,k ≤ C ‖f‖2Lp(R3)
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holds, whenever p′ ≥ 6, with a constant C which is independent of j, k. Since p′c ≥
2d + 2 ≥ 6, this holds in particular for p = pc. Re-scaling this estimate by means of
(10.6), this implies
(10.8)
∫
|f̂ |2 dµj,k ≤ C2−j−k+2
(m+1+Al)j+Blk
p′c ‖f‖2Lpc(R3).
But, we can write k in the form k = θalj + (1 − θ)al+1j + M˜ with 0 ≤ θ ≤ 1 and
|M˜ | ≤M . Then
−j − k+ 2(m+ 1 + Al)j +Blk
p′c
= −jθ
[
1 + al − 2m+ 1 + Al + alBl
p′c
]
−j(1 − θ)
[
1 + al+1 − 2m+ 1 + Al + al+1Bl
p′c
]
+
(
−1 + 2Bl
p′c
)
M˜.
Recall next that by the definition of the r-height and the critical exponent p′c, , we
have p′c ≥ 2(hl + 1) whenever l ≥ l0. And, (1.11) shows that
(10.9) hl + 1 =
1 + (1 +m)κl1
|κl| =
m+ 1 + 1
κl1
1 + al
.
Moreover, we have seen in the proof of Lemma 10.1 that Al + alBl = 1/κ
l
1, so that
2(hl + 1) = 2
m+ 1 + Al + alBl
1 + al
.
We thus find that 1 + al − 2(m+ 1 + Al + alBl)/p′c ≥ 0. Arguing in a similar way for
l+ 1 in place of l, by using that p′c ≥ 2(hl+1 + 1) and Al + al+1Bl = 1/κl+11 we also see
that 1 + al+1 − 2(m+ 1 + Al + al+1Bl)/p′c ≥ 0.
Consequently, the exponent on the right-hand side of the estimate (10.8) is uniformly
bounded from above, which verifies the claimed estimate (10.5).
Assume next that l = l0 − 1. Observe that in this case, by following Varchenko’s
algorithm one observes that the left endpoint (Al0−1, Bl0−1) of the edge [(Al0−1, Bl0−1),
(Al0 , Bl0)] of the Newton polyhedron of φ
a belongs also to the Newton polyhedron
of φ and lies on the principal line L = Lκ of N (φ), whose slope is the reciprocal of
κ2/κ1 = m. Thus, if we formally replace hl0−1 by d in the previous argument (compare
also Remark 1.3 (a)), it is easily seen that the previous argument works in exactly the
same way.
What remains to be considered are the generalized transition domains Elpr−1 in the
cases (c1) and (c2). Observe that in this case Condition (R) implies that Φ := φa
satisfies the factorization hypothesis of Lemma 10.2. We may therefore argue in a
similar way as before, by applying Lemma 10.2 in place of Lemma 10.1, and obtain
the estimate
(10.10)
∫
S
|f̂ |2 dµj,k ≤ C2−j−k+2
(m+1+A)j+Bk
p′c ‖f‖2Lpc(R3),
80 I. A. IKROMOV AND D. MU¨LLER
where here B = h is the height of φ, and where now we may only assume that
(10.11) alj +M ≤ k
Since, by the definition of the r-height, we have p′c ≥ 2hlpr−1+2 = 2B (compare (1.11)),
we see that −1 + 2B
p′c
≤ 0. We may thus estimate the exponent in (10.10) by
−j − k + 2(m+ 1 + A)j +Bk
p′c
≤ −j
[
a + 1− 2m+ 1 + A + aB
p′c
]
+
(
− 1 + 2B
p′c
)
M
≤ −j a+ 1
p′c
[
p′c − 2
m+ 1 + A+ aB
a + 1
]
.
And, in the case (c1), arguing as before we see that 2(m + 1 + A + aB)/(a + 1) =
2(hlpr + 1) ≤ p′c.
Finally, in the case (c2), we have m = a. Moreover, the point (A,B) lies on the
principal line L of N (φ), so that κ1A+ κ2B = 1, i.e., A+ aB = 1/κ1. This shows that
2
m+ 1 + A+ aB
a+ 1
= 2(1 +
1
κ1 + κ2
) = 2(1 + d) ≤ p′c.
We thus see that the uniform estimate (10.5) is valid also for the generalized transition
domains. Q.E.D.
11. Restriction estimates in the domains Dl, l < lpr , when h lin(φ) ≥ 2
We shall now consider the domains Dl, l = l0, . . . , lpr − 1, from Section 9, which
are homogeneous in the adapted coordinates. Following again [17] we can localize to
these domains by means of cut-off functions
ρl(x1, x2) := χ0
(x2 − ψ(x1)
Nxal1
)
− χ0
(x2 − ψ(x1)
εxal1
)
, l = l0, . . . , lpr − 1,
where χ0 is as in the previous section. Recall that such domains do appear only in the
cases (a), (b) and (c1).
Proposition 11.1. Let h lin(φ) ≥ 2, and assume that l < lpr . Then, if ε > 0 is chosen
sufficiently small and N > 0 sufficiently large,(∫
S
|f̂ |2 dµρl
)1/2
≤ Cp‖f‖Lp(R3), f ∈ S(R3),
whenever p′ ≥ p′c.
Proof. Similarly to the proof of Proposition 4.1, we denote by {δr}r>0 the dilations
associated to the weight κl, i.e., δry := (r
κl1y1, r
κl2y2), where by y we again denote our
adapted coordinates. Recall that the κl-principal part φaκl of φ
a is homogeneous of
degree one with respect to these dilations, and that we are interested in a κl- homoge-
neous domain of the form Dal = {(y1, y2) : 0 < y1 < δ, εyal1 < |y2| ≤ Nxal1 } with respect
to the y-coordinates, where δ > 0 can still be chosen as small as we please.
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We shall prove that, given any real number c0 with ε ≤ c0 ≤ N, there is some
ε′ > 0 such that the desired restriction estimate holds true on the domain D(c0) in
x-coordinates corresponding to the homogeneous domain
Da(c0) := {(y1, y2) : 0 < y1 < δ, |y2 − c0yal1 | ≤ ε′yal1 }
in y-coordinates. Since we can cover the closure of Dal by a finite number of such
narrow domains, this will imply Proposition 11.1.
We can essentially localize to a domain D(c0) by means of a cut-off function
ρ(c0)(x1, x2) := χ0
(x2 − ψ(x1)− c0xal1
ε′xal1
)
.
Let us again fix a suitable smooth cut-off function χ ≥ 0 on R2 supported in an
annulus A := {x ∈ R2 : 1/2 ≤ |y| ≤ R} such that the functions χak := χ ◦ δ2k form
a partition of unity. In the original coordinates x, these correspond to the functions
χk(x) := χ
a
k(x1, x2 − ψ(x1)). We then decompose the measure µρ(c0) dyadically as
µρ(c0) =
∑
k≥k0
µk,(11.1)
where µk := µ
χkρ(c0). Notice that by choosing the support of η sufficiently small, we
can choose k0 ∈ N as large as we need. It is also important to observe that this
decomposition can essentially we achieved by means of a dyadic decomposition with
respect to the variable x1, which again allows to apply Littlewood-Paley theory!
Moreover, changing to adapted coordinates in the integral defining µk and scaling
by δ2−k we find that
〈µk, f〉 = 2−k|κl|
∫
f(2−κ
l
1kx1, 2
−κl2kx2 + 2
−mκl1kxm1 ω(2
−κl1kx1), 2
−kφk(x))
η(δ2−kx)χ(x)χ0
(x2 − c0xal1
ε′xal1
)
dx,
where
(11.2) φk(x) := 2
kφa(δ2−kx) = φ
a
κl(x) + error terms of order O(2
−δk)
with respect to the C∞ topology (and δ > 0).
We consider the corresponding normalized measure νk given by
〈νk, f〉 :=
∫
f(x1, 2
(mκl1−κ
l
2)kx2 + x
m
1 ω(2
−κl1kx1), φk(x)) η˜(x) dx,
with amplitude η˜(x) := η(δ2−kx)χ(x)χ0
(
(x2 − c0xal1 )/(ε′xal1 )
)
.
Observe that the support of the integrand is contained in the thin neighborhood
U(v) := A ∩ {(x1, x2) : |x2 − c0xal1 | ≤ 2ε′xal1 }
of v = v(c0) := (1, c0), and that the measure νk is supported on the hypersurface
Sk := {gk(x1, x2) := (x1, 2(mκl1−κl2)kx2 + xm1 ω(2−κ
l
1kx1), φk(x1, x2)) : (x1, x2) ∈ U(v)},
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which, for k sufficiently large, is a small perturbation of the limiting variety
S∞ := {g∞(x1, x2) := (x1, ω(0)xm1 , φaκl(x)) : (x1, x2) ∈ U(v)},
since mκl1 − κl2 < alκl1 − κl2 = 0 and since φk tends to φaκl because of (11.2). The
corresponding limiting measure will be denoted by ν∞.
By Littlewood-Paley theory (applied to the variable x1) and interpolation, in order
to prove the desired restriction estimates for the measure µρ(c0), it suffices again to
prove uniform restriction estimates for the measures µk, i.e.,
(11.3)
(∫
|f̂ |2 dµk)1/2 ≤ C ‖f‖Lpc .
with a constant C not depending on k ≥ k0. We shall obtain these by first proving
restriction estimates for the measures νk.
Indeed, we shall prove that for ε′ sufficiently small, the estimate
(11.4)
(∫
|f̂ |2 dνk
)1/2
≤ C‖f‖Lpc
holds true, with a constant C which does not depend on k. Then, after re-scaling,
estimate (11.4) implies the following estimate for µk :
(11.5)
(∫
|f̂ |2 dµk
)1/2
≤ C 2−k
(
|κl|
2
−
κl1(1+m)+1
p′c
)
‖f‖Lpc .
But, by (1.11) (resp. (10.9))we have that
|κl|
2
− κ
l
1(1 +m) + 1
p′c
=
|κl|
2
(
1− 2(hl + 1)
p′c
)
,
where, by definition, p′c ≥ 2(hl + 1). This shows that the exponent on the right-hand
side of (11.5) is less or equal to zero, which verifies (11.3).
We turn to the proof of (11.4). Recall that v = (1, c0). Depending on the behavior
of φa
κl
near v, we shall distinguish between two cases.
1. Case. ∂2φ
a
κl(v) 6= 0. This assumption implies that we may use y2 := φaκl(x1, x2)
in place of x2 as a new coordinate for S∞ (which thus is a hypersurface, too), and then
also for Sk, in place of x2, provided ε
′ is chosen small enough and k sufficiently large.
Since x1 ∼ 1 on U(v), this then shows that Sk is a hypersurface with one non-vanishing
principal curvature. Therefore we can again apply Greenleaf’s restriction theorem from
[14] and obtain that for p′ ≥ 6 and k sufficiently large the estimate(∫
|f̂ |2 dνk
)1/2
≤ Cp‖f‖Lp
holds true, with a constant Cp which does not depend on k. This applies in particular
to p = pc, which gives (11.4).
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2. Case. ∂2φ
a
κl(v) = 0. Then v = (1, c0) is a real root of ∂2φ
a
κl, of multiplicity, say,
B − 1 ≥ 1, so that a Taylor expansion with respect to x2 around c0 and homogeneity
show that
∂2φ
a
κl(x1, x2) = (x2 − c0xal1 )B−1Q˜(x1, x2),
where Q˜ is a κl-homogenous smooth function in U(v) such that Q˜(v) 6= 0. Integrating
in x2, and making again use of the κ
l-homogeneity of φaκl, we find that
(11.6) φaκl(x1, x2) = (x2 − c0xal1 )BxBl2 Q(x1, x2) + c1x1/κ
l
1
1 ,
where Q is a κl-homogenous smooth function such that Q(1, c0) 6= 0 and Q(1, 0) 6= 0
(recall that c0 6= 0). Here, c1 ∈ R could possibly be zero (iff ∇φaκl(v) = 0).
We claim that
(11.7) B < d/2,
where again d = d(φ). Indeed, observe first that the vertex (Al, Bl) lies above or on
the bi-sectrix, so that 1 = κl1Al + κ
l
2Bl ≤ (κl1 + κl2)Bl = Bl/dl, where dl := dh(φaκl)
denotes the homogenous distance of φaκl. But, since al > m, so that the edge γl is less
steep than the line L (which intersects the bi-sectrix at (d, d)), we have dl > d, hence
Bl > d. Note that for the same reason, 1/κ2 > 1/κ
l
2. Because φ
a
κl
is κl- homogeneous
of degree 1, by (11.6) we thus have
1 ≥ (Bl +B)κl2 > (d+B)κl2,
which implies that
B <
1
κl2
− d ≤ 1
κ2
− 1
κ1 + κ2
=
d
m
≤ d
2
.
Let us localize to frequencies of size λ > 1 by putting
ν̂λk (ξ) := χ1
( ξ
λ
)
ν̂k(ξ),
where χ1 is a smooth bump function supported where |ξ| ∼ 1. We claim that the mea-
sures νλk satisfy the following estimates, uniformly in k ≥ k0, provided k0 is sufficiently
large and ε′ sufficiently small:
‖ν̂λk‖∞ ≤ Cλ−1/B ;(11.8)
‖νλk‖∞ ≤ Cλ2−1/B .(11.9)
Indeed,
ν̂λk (ξ) = χ1
( ξ
λ
) ∫
e
−i
[
ξ1x1+ξ2
(
2(mκ
l
1−κ
l
2)kx2+xm1 ω(2
−κl1kx1)
)
+ξ3φk(x)
]
η˜(x) dx,
which, in the limit as k →∞, simplifies as
ν̂λ∞(ξ) = χ1
( ξ
λ
) ∫
e−i[ξ1x1+ξ2ω(0)x
m
1 +ξ3φ
a
κl
(x)] η˜(x) dx.
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Now, if |ξ3| ≥ c|(ξ1, ξ2)|, then an application of van der Corput’s lemma to the integra-
tion in x2 yields |ν̂λ∞(ξ)| . |ξ3|−1/B (cf. (11.6)), and if |ξ3| ≪ |(ξ1, ξ2)|, we may apply
van der Corput’s lemma to the x1-integration and obtain |ν̂λ∞(ξ)| . |(ξ1, ξ2)|−1/2. Since
B ≥ 2, and because van der Corput’s estimates are stable under small perturbations,
we thus obtain (11.8).
In order to verify (11.9), observe that
νλ∞(x1, x2, x3) = λ
3
∫
χ̂1(λ(x1 − y1), λ(x2 − ω(0)ym1 ), λ(x3 − φaκl(y1, y2)) η˜(y) dy1dy2,
hence
|νλ∞(x1, x2, x3)| ≤ λ3
∫
ρ(λx1 − λy1) ρ(λx3 − λφaκl(y1, y2)) |η˜|(y1, y2) dy1dy2,
where ρ and η1 are suitable, non-negative Schwartz functions, and η1 localizes again to
U(v). However, since |∂B2 φaκl(y1, y2))| ≃ 1 on the domain of integration, classical sublevel
estimates, originating in work by van der Corput [6] (see also [1], and [5],[13]), essen-
tially would imply that the integral with respect to y2 can be estimates by O(λ
−1/B),
uniformly in y1 and λ (at least, if ρ had compact support). To be more precise, we can
argue as follows: By means of Fourier inversion, re-write∫
ρ(λx1 − λy1) ρ(λx3 − λφaκl(y1, y2)) |η˜|(y1, y2) dy1dy2,
=
∫
ρ(λx1 − λy1) ρˆ(s)eis(λx3−λφ
a
κl
(y1,y2)) |η˜|(y1, y2) dy2 ds dy1,
and then apply again van der Corput’s estimate to the y2-integration. This yields∣∣∣ ∫ ρ(λx1 − λy1) ρ(λx3 − λφaκl(y1, y2)) |η˜|(y1, y2) dy1dy2∣∣∣,
.
∫
ρ(λx1 − λy1) |ρˆ(s)|(1 + λ|s|)−1/B |η˜|(y1, y2) dy2 ds dy1,
which is easily estimated by Cλ−1−1/B, so that we obtain |νλ∞(x1, x2, x3)| ≤ Cλ2−1/B .
Observing that our argument is again stable under small perturbations, we thus obtain
(11.9).
Interpolating the estimates (11.8) and (11.9), it is again easily seen that we can sum
the corresponding estimates over dyadic λ’s and obtain the Lp-L2 restriction estimate(∫
|f̂ |2 dνk
)1/2
≤ Cp‖f‖Lp
whenever p′ > 4B, uniformly in k, for k sufficiently large.
The restriction estimates above are valid in particular for p′ = p′c, since, by (11.7),
B < d/2, so that p′c ≥ 2d+ 2 > 4B. We have thus again verified (11.4). Q.E.D.
In combination with Proposition 10.3, we immediately obtain
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Corollary 11.2. The restriction estimate in Proposition 4.3 holds true in the Case
(c), i.e., when the principal face of the Newton polyhedron of φa is unbounded.
Remark 11.3. When h lin ≥ 5, then the subcase of Case 2, where ∂2φaκl(v) = 0 and
∂1φ
a
κl(v) 6= 0, could be handled alternatively by means of Drury’s Fourier restriction
theorem for curves with non-vanishing torsion (cf. Theorem 2 in [8]). This approach
will allow to treat the analogous case also for the remaining domain Dpr , provided
h lin ≥ 5, since it does not require the condition B < d/2, which may not hold true in
Dpr ,
Indeed, if ∂1φ
a
κl
(v) 6= 0, then c1 6= 0 in (11.6). Moreover,
(11.10) 2 ≤ m < al = κl2/κl1 < 1/κl1,
since κl1Al−1 + κ
l
2Bl−1 = 1 with Bl−1 ≥ h > 1, so that κl2 < 1. Observe next that
F : (x1, c) 7→ (x1, cxal1 ) provides local smooth coordinates near v = (1, c0), since the
Jacobian JF of F at the point (1, c0) is given by JF (1, c0) = 1. We may therefore fibre
the variety S∞ into the family of curves
γc(x1) := g∞(F (x1, c) = (x1, ω(0)x
m
1 , φ
a
κl(F (x1, c)), c ∈ V (c0),
where V (c0) is a sufficiently small neighborhood of c0, provided ε
′ is chosen sufficiently
small. But, (11.10) implies that the curve γc0(x1) = (x1, ω(0)x
m
1 , c1x
1/κl1
1 ) has non-
vanishing torsion near v1, since v1 6= 0, and so the same is true for the curves γc when
c is sufficiently close to c0.
If we fibre in a similar way the surface Sk into the family of curves
γkc (x1) := gk(F (x1, c), c ∈ V (c0),
then for k sufficiently large and V (c0) sufficiently small, these curves will have non-
vanishing torsion uniformly bounded from above and below, and the measure νk will
decompose into the direct integral
〈νk, f〉 =
∫∫
f(γkc (x1)) η˜(x1, c) dx1 dc =
∫
V (c0)
∫
W (v1)
f dΓc dc,
where η˜ is a smooth function with compact support in W (v1) × V (c0) and W (v1)
a sufficiently small neighborhood of v1, where dΓc is a measure which has a smooth
density with respect to the arclength measure on the curve γkc .
We may thus apply Drury’s Fourier restriction theorem for curves with non-vanishing
torsion (cf. Theorem 2 in [8]) to the measures dΓc and obtain that(∫
W (v1)
|fˆ |2 dΓc
) 1
2 ≤ Cp‖f‖Lp(R3),
provided p′ > 7 and 2 ≤ p′/6, i.e., if p′ ≥ 12. The constant Cp will then be indepen-
dent of c provided the neighborhoods V (c0) and W (v1) are sufficiently small and k is
sufficiently large. But, if h lin ≥ 5, then we do have p′c ≥ 2(h lin + 1) ≥ 12, so that we
do obtain estimate (11.4) also in this way.
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12. Restriction estimates in the domain Dpr when h lin(φ) ≥ 5
What remains to be studied is the piece of the surface S corresponding to the domain
Dpr , in the cases (a) and (b) of Section 9, i.e.,
(12.1) Dpr :=
{
{(x1, x2) : |x2 − ψ(x1)| ≤ Nxa1} in Case (a),
{(x1, x2) : |x2 − ψ(x1)| ≤ εxa1}, in Case (b),
where N is sufficiently large in Case (a), and ε may be assumed to be sufficiently small
in Case (b). Our goal will to prove
Proposition 12.1. Assume that h lin(φ) ≥ 5, and that we are in Case (a) or (b) of
Section 9. When N is sufficiently large in Case (a), respectively ε is sufficiently small
in Case (b), then(∫
Dpr
|f̂ |2 dµρlpr
)1/2
≤ Cp‖f‖Lp(R3), f ∈ S(R3),
whenever p′ ≥ p′c.
In the domain Dpr , the upper bound B < d/2 for the multiplicity B of real roots
will in general no longer be true, not even the weaker condition B < hr(φ)/2, which
would still suffice for the previous argument, as the following example shows.
Example 12.2.
φ(x1, x2) := (x2 − x21 − x31)(x2 − x21 − x41)3.
Here, φpr (x1, x2) = (x2 − x21)4, the multiplicity of the root x21 satisfies 4 > d(φ) = 8/3,
so that the coordinates (x1, x2) are not adapted to φ. Adapted coordinates are given
by y1 := x1, y2 := x2 − x21, and in these coordinates φ is given by
φa(y1, y2) = (y2 − y31)(y2 − y41)3.
N (φa) has three vertices (A0, B0) := (0, 4), (A1, B1) := (3, 3) and (A2, B2) := (0, 15),
with corresponding edges γ1 := [(0, 4), (3, 3)] and γ2 := [(3, 3), (0, 15)], and associated
weights κ1 := (1/12, 1/4) and κ2 := (1/15, 4/15). Moreover, one easily computes by
means of (1.11) that h1 = 11/4 and h2 = 13/5. We thus see that h
r(φ) = h1 = 11/4.
The multiplicity of the root y31 associated to the first edge γ1 lying above the bi-sectrix
is 1 < (8/3)/2 and thus satisfies the condition (11.7), whereas the root y41 of multiplicity
B = 3 associated to the edge γ2 below the bi-sectrix does not even satisfy B < h
r(φ),
since 3 > 11/4.
The study of the domain Dpr will therefore require finer decompositions into further
transition and homogeneous domains (with respect to further weights). These will be
devised by means of an iteration scheme, resembling somewhat Varchenko’s algorithm
for the construction of adapted coordinates. Note that the latter algorithm also shows
that the principal root jet ψ is actually a polynomial
(12.2) ψ(x1) = cx
m
1 + · · ·+ cprxa1
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of degree a = alpr in the cases (a) and (b) (cf. [16]).
12.1. First step of the algorithm. Let us begin with Case (a), where Dpr =
{(x1, x2) : 0 < x1 < δ, |x2 − ψ(x1)| ≤ Nxa1}, with a possibly large constant N > 0. We
then put D(1) := Dpr , φ
(1) := φa, ψ(1) := ψ and a(1) := a, κ
(1) := κlpr , so that D(1) can
be re-written as
D(1) = {(x1, x2) : 0 < x1 < δ, |x2 − ψ(1)(x1)| ≤ Nxa(1)1 }.
As in the discussion of the domains Dl in the previous section, we can cover the
domain D(1) by finitely many narrow domains of the form
D(1)(c0) := {(x1, x2) : 0 < x1 < δ, |x2 − ψ(x1)− c0xa(1)1 | ≤ εxa(1)1 },
where ε > 0 can be chosen as small as we need, and where 0 ≤ c0 ≤ N. Fix any of
these domains, and put again v := (1, c0).
We distinguish between the cases where ∂2φ
(1)
κ(1)
(v) 6= 0 (Case 1), ∂2φ(1)κ(1)(v) = 0 and
∂1φ
(1)
κ(1)
(v) 6= 0 (Case 2), and the case where ∇φ(1)
κ(1)
(v) = 0 (Case 3).
Now, in Case 1, we can argue as in the corresponding case in Section 11, since our
arguments in that case did not make use of the condition l > lpr .
In Case 2, the argument given in Section 11 may fail, since it made use of the estimate
B < d/2, which here no longer may hold true. However, as explained in Remark 11.3,
if h lin ≥ 5, we may use the alternative argument based on Drury’s restriction estimate
for curves in this case.
If Case 3 does not appear for any choice of c0, then we stop our algorithm and are
done.
Otherwise, assume Case 3 applies to c0, so that c0x
a(1)
1 is a root of φ
(1)
κ(1)
, say of
multiplicity M1 ≥ 2. In this case, we define new coordinates y by putting
(12.3) y1 := x1 and y2 := x2 − ψ(2)(x1),
where
ψ(2)(x1) := ψ(x1) + c0x
a(1)
1 .
We denote by x = s(2)(y) the corresponding change of coordinates, which in general is
a fractional shear only, since the exponent a(1) = a may be non-integer (but rational).
In these coordinates (y1, y2), φ is given by φ
(2) := φ ◦ s(2), and the domain D(1)(c0)
becomes the domain
D′a(1) := {(y1, y2) : 0 < y1 < δ, |y2| ≤ εya(1)1 },
which is still κ(1) homogeneous.
Let us see to which extent the Newton polyhedra of φ(1) and φ(2) will differ.
Claim 1. The Newton polyhedra of φ(1) and φ(2) agree in the region above the bi-
sectrix. In particular, the line ∆(m) intersects the boundary of the augmented Newton
polyhedron N r(φ(1)) = N r(φa) at the same point as the augmented Newton polyhedron
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N r(φ(2)) of φ(2), so that we can use the modified “adapted” coordinates (12.3) in place
of our earlier adapted coordinates to compute the r-height of φ.
To see this, observe that φ(2)(x1, x2) = φ
(1)(x1, x2+c0x
a(1)
1 ), where the exponent a(1) is
just the reciprocal of the slope of the line containing the principal face of φ(1) = φa. This
implies that the edges of N (φ(1)) and N (φ(2)) which lie strictly above the bi-sectrix and
do not intersect it are the same (compare corresponding discussions in [16]). Moreover,
if γ(1) = [(A(0), B(0)), (A(1), B(1))] = [(Alpr−1, Blpr−1), (Alpr , Blpr )] is the principal face of
N (φ(1)), then it is easy to see that the principal face of N (φ(2)) is given by the edge
γ′(1) := [(A(0), B(0)), (A
′
(1), B
′
(1))], where
(12.4) A′(1) := A(1) + a(1)(B(1) −M1), B′(1) =M1,
(write φ
(1)
κ(1)
in the normal form (1.10) and use that c0x
a(1)
1 is a root of of multiplicity
M1 of φ
(1)
κ(1)
). Observe also that M1 ≤ h, because φa is in adapted coordinates. We thus
see that the right endpoint of γ′(1) still lies on or below the bi-sectrix. This proves the
claim.
Observe that our considerations show that it suffices to study the contributions of
narrow domains of the form
(12.5) D′(1) = {(x1, x2) : 0 < x1 < δ, |x2 − ψ(2)(x1)| ≤ εxa(1)1 }
in place of D(1) (these actually depend on the choice or real root of φ
(1)
κ(1)
- this corre-
sponds to a “fine splitting” of roots of φ, in the case where φ is analytic).
Case A. N (φ(2)) ⊂ {(t1, t2) : t2 ≥ B′(1) = M1}. In this case, we again stop our
algorithm.
Case B. N (φ(2)) contains a point below the line where t2 = B′(1) =M1.
Then N (φ(2)) will contain a further compact edge
γ(2) = [(A
′
(1), B
′
(1)), (A(2), B(2))],
so that (A′(1), B
′
(1)) is a vertex at which the edges γ
′
(1) and γ(2) meet. Determine the
weight κ(2) by requiring that γ(2) lies on the line
κ
(2)
1 t1 + κ
(2)
2 t2 = 1,
and put a(2) := κ
(2)
2 /κ
(2)
1 . Then clearly a(1) < a(2).
Next, we decompose the domain D′(1) into the domains
E(1) := {(x1, x2) : 0 < x1 < δ, Nxa(2)1 < |x2 − ψ(2)(x1)| ≤ εxa(1)1 }
and
D(2) := {(x1, x2) : 0 < x1 < δ, |x2 − ψ(2)(x1)| ≤ Nxa(2)1 },
where N > 0 will be a sufficiently large constant.
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The contributions by the transition domain E(1) can be estimated in exactly the same
way as we did for the domains El in Section 10. Indeed, notice that our arguments for
the domains El did apply to any l ≥ l0 as long as Bl ≥ 1, so that this statement is
immediate when c0 = 0, where the coordinates y in (12.3) do agree with our original
adapted coordinates. When c0 6= 0, there are two minor twists in the arguments needed:
firstly, observe that Lemma 10.1 remains valid for Φ = φ(2) and the domain
Ea(1) := {(y1, y2) : 0 < y1 < δ, 2Mya(2)1 < |y2| ≤ 2−Mya(1)1 }
corresponding to the domain E(1) in the coordinates (12.3) when ε = 2
−M and N =
2M . The fact that a(2) may be non-integer, but rational, say a(2) = p/q, with p, q ∈
N, requires minor changes of the proof only: just consider the Taylor expansion of
the smooth function Φ(yq1, y2). Secondly, if we define in analogy with hl in (1.11) the
corresponding quantity associated to the edges γ′(1) and γ(2) of N (φ(2)) by
h(1) :=
1 +mκ
(1)
1 − κ(1)2
κ
(1)
1 + κ
(1)
2
= hlpr and h(2) :=
1 +mκ
(2)
1 − κ(2)2
κ
(2)
1 + κ
(2)
2
,
then Claim 1 shows that max{h(1), h(2)} ≤ hr(φ), which replaces the condition
max{hl, hl+1} ≤ hr(φ) that was needed in the proof of Proposition 10.3.
12.2. Further steps of the algorithm. We are thus left with the domains D(2),
which formally look exactly like D(2), only with ψ
(1) replaced by ψ(2) and a(1) replaced
by a(2). This allows to iterate this first step of the algorithm which led from D(1) to
D(2), producing in this way nested sequences of domains
Dpr = D(1) ⊃ D(2) ⊃ · · · ⊃ D(l) ⊃ D(l+1) ⊃ · · · ,
of the form
D(l) := {(x1, x2) : 0 < x1 < δ, |x2 − ψ(l)(x1)| ≤ Nxa(l)1 },
where the functions ψ(l) are of the form
ψ(l)(x1) = ψ(x1) +
l−1∑
j=1
cj−1x
a(j)
1 ,
with real coefficients cj, and where the exponents a(j) form a strictly increasing sequence
a = a(1) < a(2) < · · · a(l) < a(l+1) < · · ·
of rational numbers.
Moreover, each of the domains D(l) will be covered by a finite number of domains
D′(l) of the form
(12.6) D′(l) = {(x1, x2) : 0 < x1 < δ, |x2 − ψ(l+1)(x1)| ≤ εxa(l)1 },
where ε > 0 can be chosen as small as we please. These in return will decompose as
(12.7) D′(l) = E(l) ∪D(l+1),
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where E(l) is a transition domain of the form
E(l) := {(x1, x2) : 0 < x1 < δ, Nxa(l+1)1 < |x2 − ψ(l+1)(x1)| ≤ εxa(l)1 }
Putting
φ(l)(x1, x2) := φ(x1, x2 + ψ
(l)(x1)),
one finds that the Newton polyhedron N (φ(l+1)) agrees with that one of φa = φ(1) in
the region above the bi-sectrix, and it will have subsequent “edges”
γ′(1) = [(A(0), B(0)), (A
′
(1), B
′
(1))], γ
′
(2) = [(A
′
(1), B
′
(1)), (A
′
(2), B
′
(2))], . . . ,
γ′(l) = [(A
′
(l−1), B
′
(l−1)), (A
′
(l), B
′
(l))], γ(l+1) = [(A
′
(l), B
′
(l)), (A(l+1), B(l+1))],
crossing or lying below the bi-sectrix, at least (possibly more). In fact, it is possible
that some of these “edges” degenerate and become a single point (we then shall still
speak of an edge, with a slight abuse of notation). The edge with index l will lie on a
line
L(l) := {(t1, t2) ∈ R2 : κ(l)1 t1 + κ(l)2 t2 = 1},
where a(l) = κ
(l)
2 /κ
(l)
1 . Moreover, cl−1x
a(l)
1 is any real root of the κ
(l)- homogeneous
polynomial φ
(l)
κ(l)
, of multiplicity Ml ≥ 2. Notice that when φ is real-analytic, then
this just means that ψ(l) is a leading term of a root of φ belonging to the cluster of
roots defined by ψ (in the sense of [21]). Our algorithm thus follows any possible “fine
splitting” of the roots belonging to this cluster, and the domains D(l) etc. depend on
the branches of these roots that we chose along the way.
By our construction, we see that Ml = B
′
(l), which shows that the sequence of
multiplicities is decreasing, i.e.,
(12.8) M1 ≥M2 ≥ · · · ≥ Ml ≥Ml+1 ≥ · · · .
Observe also that the transition domains E(l) can be handled by the same reasoning
that we had applied to E(1).
When will our algorithm stop? Clearly, this will happen at step l when φ
(l)
κ(l)
has no
real root, so that only Case 1 and Case 2 will arize at this step. In that case, we do
obtain the desired Fourier restriction estimate for the piece of surface corresponding
to D(l), just by the same reasoning that we applied in Section 11. Otherwise, we shall
also stop our algorithm in step l when
(12.9) N (φ(l+1)) ⊂ {(t1, t2) : t2 ≥ B′(l) = Ml}.
In this situation, the domain which still needs to be understood is the domain D′(l)
given by (12.6).
Notice that in this case, Condition (R) implies that there is a function ψ˜(l+1) ∼ ψ(l+1)
such that φ factors as
(12.10) φ(x1, x2) = (x2 − ψ˜(l+1)(x1))Mlφ˜(x1, x2),
where φ˜ is fractionally smooth. This means that Lemma 10.2 (respectively its imme-
diate extension to fractionally smooth functions) applies to the function Φ(y1, y2) :=
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φ(y1, y2 + ψ˜
(l+1)(y1)), and since the domain D
′
(l) can a be regarded as a generalized
transition domain, like the domains Elpr−1 that appeared when the principal face of
φa was an unbounded horizontal face, we can argue in the same way as we did for the
domains Elpr−1 in Section 10 to derive the required restriction estimates for the piece
of S corresponding to D′(l).
There is finally the possibility that our algorithm does not terminate. In this case,
(12.8) shows that the sequence of integers Ml will eventually become constant. We
then choose L minimal so that Ml = ML for all l ≥ L. Note that, by our construction,
ML ≥ 2. For every l ≥ L + 1, the point (A,B) := (A(L), B(L)) = (AL,ML) will be a
vertex of N (φ(l)) which is contained in the line L(l), whose slope 1/a(l) tends to zero as
l →∞, and N (φ(l)) is contained in the half-plane bounded by L(l) from below.
Notice also that there is a fixed rational number 1/q, with q integer, such that every
a(l) is a multiple of 1/q. This can be proven in the same way as the corresponding
statement in [17] on p. 240.
We can thus apply a classical theorem of E. Borel in a similar way as [16] in order
to show that there is a smooth function h of x1 whose Taylor series expansion is given
by the formal series
h(x1) ∼ ψ(xq1) +
∞∑
j=1
cj−1x
qa(j)
1 .
If we put ψ(∞)(x1) := h(x
1/q
1 ) and set φ
(∞)(y1, y2) := φ(y1, y2 − ψ(∞)(y1)), it is then
easily seen that a straight-forward adaption of the proof Theorem 5.1 in [16] to show
that N (φ(∞)) ⊂ {(t1, t2) : t2 ≥ B}. Therefore, Condition (R) in Theorem 1.7 implies
that, possibly after adding a flat function to ψ(∞), we may assume that φ factors as
φ(x1, x2) = (x2− ψ(∞)(x1))Bφ˜(x1, x2), which means that the analogue of (12.10) holds
true. We can thus argue as before to complete also this case, hence also the discussion
of the Case (a) where the principal face of N (φa) is a compact edge.
Finally, in Case (b) where the principal face of N (φa) is a vertex, we have that
Dpr = {(x1, x2) : |x2 − ψ(x1)| ≤ εxa1}, which corresponds to the domain D′(1) in the
discussion of Case (a). This means that we can just drop the initial step of the algorithm
described before, and from then on may proceed as in Case (a).
We have thus established the desired restriction estimates for the piece of the surface
S corresponding to the remaining domain Dpr , which completes the proof of Proposi-
tion 12.1, hence also of Theorem 1.7 in the case where h lin(φ) ≥ 5.
What remains open at this stage is the proof of the analogue of Proposition 12.1 in
the case where 2 ≤ h lin(φ) < 5, i.e., of
Proposition 12.3. Assume that 2 ≤ h lin(φ) < 5, and that we are in Case (a) or (b) of
Section 9. When N is sufficiently large in Case (a), respectively ε is sufficiently small
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in Case (b), then(∫
Dpr
|f̂ |2 dµρlpr
)1/2
≤ Cp‖f‖Lp(R3), f ∈ S(R3),
whenever p′ ≥ p′c.
The discussion of this case requires substantially more refined techniques and will
be the content of [19].
13. Necessary conditions, and proof of Proposition 1.9
We now turn to the proof of Theorem 1.8. We shall prove the following, more general
result (notice that we are making no assumption on adaptedness of φ here):
Proposition 13.1. Assume that the coordinates x = (x1, x2) are linearly adapted to
φ, and that the restriction estimate (1.1) holds true in a neighborhood of x0 = 0, where
ρ(x0) 6= 0. Consider any fractional shear, say on H+, given by
y1 := x1, y2 := x2 − f(x1),
where f is real-valued and fractionally smooth, but not flat. Let φf (y) = φ(y1, y2+f(y1))
be the function expressing φ in the coordinates y = (y1, y2). Then necessarily
(13.1) p′ ≥ 2hf(φ) + 2.
Theorem 1.8 will follow by choosing for f the principal root jet ψ.
Proof. The proof will be based on suitable Knapp-type arguments.
Let us use the same notation for the Newton polyhedron of φf as we did for φa
in Section 1, i.e., the vertices of the Newton polyhedron N (φf) will be denoted by
(Al, Bl), l = 0, . . . , n, where we assume that they are ordered so that Al−1 < Al, l =
1, . . . , n, with associated compact edges given by the intervals γl := [(Al−1, Bl−1), (Al, Bl)],
l = 1, . . . , n, contained in the Ll and associated with the weights κ
l. The unbounded
horizontal edge with left endpoint (An, Bn) will be denoted by γn+1. For l = n+ 1, we
have κn+11 := 0, κ
n+1
2 = 1/Bn. Again, we put al := κ
l
2/κ
l
1, and an+1 :=∞.
Because of (1.13), we have to prove the following estimates:
p′ ≥ 2df + 2;(13.2)
p′ ≥ 2hfl + 2 for every l such that al > m0.(13.3)
where, according to (1.14),
hfl =
1 +m0κ
l
1 − κl2
κl1 + κ
l
2
.
Let first γl be any non-horizontal edge of N (φf) with al > m0, and consider the
region
Daε := {y ∈ R2 : |y1| ≤ εκ
l
1, |y2| ≤ εκl2}, ε > 0,
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in the coordinates y. In the original coordinates x, it corresponds to
Dε := {x ∈ R2 : |x1| ≤ εκl1, |x2 − f(x1)| ≤ εκl2}.
Assume that ε is sufficiently small. Since
φf(εκ
l
1y1, ε
κl2y2) = ε(φ
f
κl
(y1, y2) +O(ε
δ)),
for some δ > 0, where φf
κl
denotes the κl-principal part of φf , we have that |φf(y)| ≤ Cε
for every y ∈ Daε , i.e.
(13.4) |φ(x)| ≤ Cε for every x ∈ Dε.
Moreover, for x ∈ Dε, because |f(x1)| . |x1|m0 and m0 ≤ al = κl2/κl1, we have
|x2| ≤ εκl2 + |f(x1)| . εκl2 + εm0κl1 . εm0κl1.
We may thus assume thatDε is contained in the box where |x1| ≤ 2εκl1, |x2| ≤ 2εm0κl1 .
Choose a Schwartz function ϕε such that
ϕ̂ε(x1, x2, x3) = χ0
( x1
εκ
l
1
)
χ0
( x2
εm0κ
l
1
)
χ0
( x3
Cε
)
,
where χ0 is again a smooth cut-off function supported in [−2, 2] identically 1 on [−1, 1].
Then by (13.4) we see that ϕ̂ε(x1, x2, φ(x1, x2)) ≥ 1 on Dε, hence, if ρ(0) 6= 0, then(∫
S
|ϕ̂ε|2 ρ dσ
)1/2
≥ C1|Dε|1/2 = C1ε(κl1+κl2)/2,
where C1 > 0 is a positive constant. Since ‖ϕε‖p ≃ ε((1+m0)κl1+1)/p′ , we find that the
restriction estimate (1.1) can only hold if
p′ ≥ 2(1 +m0)κ
l
1 + 1
κl1 + κ
l
2
= 2hfl + 2.
The case l = n + 1, where γl is the horizontal edge, so that h
f
l = Bn − 1, requires a
minor modification of this argument. Observe that, by Taylor expansion, in this case
φf can be written as
(13.5) φf(y1, y2) = y
Bn
2 h(y1, y2) +
Bn−1∑
j=0
yj2gj(y1),
where the functions gj are flat and h is fractionally smooth and continuous at the
origin. Choose δ > 0, and define here
Daε := {y ∈ R2 : |y1| ≤ εδ, |y2| ≤ εκ
l
2}, ε > 0.
Then (13.5) shows that again |φf(y)| ≤ Cε for every y ∈ Daε , so that (13.4) holds true
again. Moreover, for x ∈ Dε, we now find that
|x2| ≤ εκl2 + |f(x1)| . εκl2 + εm0δ . εm0δ
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for δ sufficiently small. Choosing
ϕ̂ε(x1, x2, x3) = χ0
(x1
εδ
)
χ0
( x2
εm0δ
)
χ0
( x3
Cε
)
,
arguing as before we find that here (1.1) implies that
p′ ≥ 2(1 +m0)δ + 1
δ + κl2
for every δ > 0,
hence p′ ≥ 2Bn = 2hfln+1 + 2. This finishes the proof of (13.3).
Notice finally that the argument for the non-horizontal edges still works if we replace
the line Ll by the line L
f and the weight κl by the weight κf associated with that line.
Since here m0κ
f
1 = κ
f
2 , this leads to the condition (13.2). Q.E.D.
Proposition 13.1 also allows to give a short, but admittedly indirect proof of Propo-
sition 1.9, which will make use of Theorem 1.4, too.
Proof of Proposition 1.9. Recall that we assume that the original coordinates (x1, x2)
are linearly adapted to φ.
In oder to prove (a), assume furthermore that the coordinates (x1, x2) are not
adapted to φ, and let f(x1) be any non-flat fractionally smooth, real function f(x1),
with corresponding fractional shear, say in H+. We have to show that
(13.6) hf(φ) ≤ hr(φ).
We begin with the special case where φ is analytic, then Theorem 1.4 shows that
the restriction estimate (1.1) holds true for p = pc, where p
′
c = 2h
r(φ) + 2. Moreover,
choosing ρ so that ρ(x0) 6= 0, then Proposition 13.1 implies that p′ ≥ 2hf(φ) + 2.
Combining these estimates we obtain (13.6).
The case of a general smooth, finite type φ can be reduced to the previous case. To
this end, denote by φN the Taylor polynomial of degree N centered at the origin. It is
not difficult to show that if N is sufficiently large, then
hr(φ) = hr(φN) and h
f (φN) = h
f(φ).
Since (13.6) holds true for φN , we thus see that it holds true also for φ.
In order to prove (b), we assume that the coordinates (x1, x2) are adapted to φ, so
that d(φ) = h(φ). We have to prove that
(13.7) h˜r(φ) = d(φ).
Let us first observe that Theorem 1.1 and Proposition 13.1 imply, in a similar way as
in the proof of (a), that 2h(φ) + 2 ≥ 2hf(φ) + 2, hence d(φ) ≥ hf (φ). We thus see that
h˜r(φ) ≤ d(φ).
On the other hand, when the principal face π(φ) is compact, then we can choose a
support line
L = {(t1, t2) ∈ R2 : κ1t1 + κ2t2 = 1}
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to the Newton polyhedron of φ containing π(φ) and such that 0 < κ1 ≤ κ2. We then
put f(x1) := x
m0
1 , where m0 := κ2/κ1. Then d(φ) = 1/(κ1+κ2) = d
f ≤ hf(φ) ≤ h˜r(φ),
and we obtain (13.7).
Assume finally that π(φ) is an unbounded horizontal half-line, with left endpoint
(A,B), where A < B. We then choose fn(x1) := x
n
1 , n ∈ N. Then it is easy to see
that for n sufficiently large, the line Lfn will pass through the point (A,B), and thus
limn→∞ h
fn(φ) = B = d(φ). Therefore, h˜r(φ) ≥ d(φ), which shows that (13.7) is valid
also in this case. Q.E.D.
14. Appendix: Proof of Lemma 8.1
The basic idea of the proof becomes most transparent under the additional assump-
tion that also the vectors (βk1 , β
k
2 ), k = 1, . . . , n, are pairwise linearly independent, i.e.,
(14.1) βl1β
k
2 − βk1βl2 6= 0, for all l 6= k.
We shall therefore begin with this case, and later indicate the modifications needed
for the general case.
For y = (y1, . . . , yn) in an open neighborhood of Q, Taylor’s integral formula allows
to write H(y) = H(0)+
∑n
k=1 ykHk(y), with C
1-functions Hk whose C
1-norms on Q are
controlled by the C2(Q)-norm ofH. Similarly, putting hk(yk) := Hk(0, . . . , 0, yk, 0, . . . , 0),
we may decompose Hk(y) = hk(yk) +
∑
{l:l 6=k} ylHkl(y), with continuous functions Hkl
whose C(Q)-norms are controlled by the C2(Q)-norm of H. This allows to write
H(y) = H(0) +
∑
k
ykhk(yk) +
∑
l 6=k
ykylHkl(y).
Accordingly, we shall decompose F (t) = F0(t) +
∑
k Fk(t) +
∑
l 6=k Fkl(t), where
F0(t) := H(0)
M1∑
m1=0
M2∑
m2=0
2i(α1m1+α2m2)tχQ
(
2(β
1
1m1+β
1
2m2)a1, . . . , 2
(βn1m1+β
n
2m2)an
)
,
Fk(t) :=
M1∑
m1=0
M2∑
m2=0
2i(α1m1+α2m2)t (ykhk)(2
(βk1m1+β
k
2m2)ak)
χQ
(
2(β
1
1m1+β
1
2m2)a1, . . . , 2
(βn1m1+β
n
2m2)an
)
,
Fkl(t) :=
M1∑
m1=0
M2∑
m2=0
2i(α1m1+α2m2)t (ykylHkl χQ)
(
2(β
1
1m1+β
1
2m2)a1, . . . , 2
(βn1m1+β
n
2m2)an
)
,
It will therefore suffice to establish estimates of the form (8.3) for each of these functions
F0, Fk and Fkl. We begin with F0.
We may choose r ∈ N× so that every βki can be written as βki = pki /r, with pki ∈ Z.
Let us assume that there is a least one βk2 6= 0 (otherwise, we find some βk1 6= 0, and
may proceed with the roles of the indices i = 1 and i = 2 interchanged). We then
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put p2 := |
∏
k:pk2 6=0
pk2|, whenever pk2 6= 0, and qk := (pk1p2)/pk2, so that qk ∈ Z. Observe
next that we may write every m1 ∈ N uniquely in the form m1 = α + j1p2, with
α ∈ {0, . . . , p2 − 1} and j1 ∈ Z. This allows to decompose F0(t) =
∑p2−1
α=0 F
α
0 (t), where
F α0 (t) is defined like F0(t), only that the summation in m1 is restricted to those m1
which are congruent to α modulo p2.
Next, an easy computation shows that if βk2 6= 0, then
βk1 (α + j1p2) + β
k
2m2 = β
k
1α+ β
k
2 (m2 + qkj1).
Therefore, if we write Rk/ak = (sgn ak)2
bk , then the restriction imposed by χQ on the
k’ s coordinate leads to the condition
0 ≤ βk1α + βk2 (m2 + qkj1) ≤ bk.
This means that m2 lies in an “interval” of the form {ek−qkj1, . . . , dk−qkj1}, for every
k such that βk2 6= 0 (by an interval we mean here the set of integer points within a
real interval). We may therefore decompose the set of j1’s over which we are summing
into a finite number of (at most (n!)2) pairwise disjoint intervals Js such that for each
given s there are indices ks, k
′
s such that for j1 ∈ Is, m2 will run through an interval of
the form {e′s − usj1, . . . , d′s − vsj1}, where e′s := eks , us := qks and d′s := dk′s, vs := qk′s .
We may thus reduce to considering, for each fixed s, the corresponding part F αs of F
α
given by summation over the interval Is, i.e.,
F αs (t) := H(0)
∑
{j1∈Is:0≤α+j1p2≤M1}
d′s−vsj1∑
m2=e′s−usj1
2i(αα1+p2α1j1+α2m2)t
×
∏
{k:βk2=0}
χ[−Rk,Rk]
(
2β
k
1 (α+j1p2)ak
)
Evaluating the geometric sums in m2, this shows that F
α
s (t) is the difference of two
terms, one arising from the lower limit m2 = e
′
s − usj1, which is given by
F αs,−(t) = H(0)
∑
{j1∈Is:0≤α+j1p2≤M1}
2iαα1t
2i(α2e
′
s+j1(α1p2−α2us))t − 2ip2α1j1t
2iα2t − 1
×
∏
{k:βk2=0}
χ[−Rk,Rk]
(
2β
k
1 (α+j1p2)ak
)
,
and an analogous term arising from the upper limit m2 = d
′
s − vsj1. But, by our
assumptions, α1p2−α2us = (α1βks2 −α2βks1 )wks 6= 0, where wks := p2/βks2 ∈ N, and the
characteristic functions of the intervals [−Rk, Rk] again localize the summation over
the j1’s to the summation over some interval, which shows that we may estimate
|F αs,−(t)| ≤
C
|2iα2t − 1||2iα1p2t − 1||2i(α1βks2 −α2βks1 )wks t − 1|
≤ C|ρ(t)| .
This establishes the desired estimate for F0(t).
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We next turn to Fk(t). Given k, let us assume again without loss of generality that
βk2 6= 0. Then we may write m1, m2 ∈ Z in a unique way as
(14.2) m1 = α + j1p
k
2, m2 = j2 − j1pk1, with α ∈ {0, . . . , |pk2|},
with j1, j2 ∈ Z. Observe that then
βl1m1 + β
l
2m2 = β
l
1α + j2β
l
2 + j1(β
l
1β
k
2 − βl2βk1 )r,
α1m1 + α2m2 = α1α + j2α2 + j1(α1β
k
2 − α2βk1 )r.
In particular, βk1m1 + β
k
2m2 = β
k
1α + j2β
k
2 does not depend on j1. Moreover, for given
α and j2, the localizations given by the conditions |2(βl1m1+βl2m2)al| ≤ Rl, l 6= k, reduce
the summation over j1 to the summation over an interval I(α, j2), and summing a
geometric sum with respect to j1, we thus see that
|Fk(t)| ≤ C
′
|2i(α1βk2−α2βk1 )rt − 1|
|pk2 |∑
α=0
∑
{j2:|2
βk
1
α+j2β
k
2 ak |≤Rk
|2βk1α+j2βk2ak| ≤ CRk|ρ(t)| .
Consider finally Fkl(t), for k 6= l. We may simply estimate
|Fkl(t)| ≤ C
∑
(m1,m2)∈Jk,l
|2(βk1m1+βk2m2)ak| |2(βl1m1+βl2m2)al|,
where Jkl is the set of all (m1, m2) ∈ N2 satisfying |2(βk1m1+βk2m2)ak| ≤ Rk and |2(βl1m1+βl2m2)al|
≤ Rl. By comparing with an integral and changing variables in the integral (recall that
by our assumption (14.1) the matrix
(
βk1 β
k
2
βl1 β
l
2
)
is non-degenerate) this leads to the
estimate
|Fkl(t)| ≤ C ′′
∫∫
Ik,l
|2(βk1 s1+βk2 s2)ak| |2(βl1s1+βl2s2)al| ds1ds2
≤ C ′
∫ log2(Rl/|al|)
−∞
∫ log2(Rk/|ak |)
−∞
|2x1ak||2x2al| dx1dx2 ≤ CRkRl,
where Ikl denotes the set of all (s1, s2) ∈ R2+ satisfying |2(βk1 s1+βk2 s2)ak| ≤ Rk and
|2(βl1s1+βl2s2)al| ≤ Rl.
This concludes the proof of the lemma under our additional hypotheses (14.1).
Let us finally indicate how to remove the assumptions (14.1). To this end, let us
write βj := (βj1, β
j
2). In the general case, we may decompose the index set {1, . . . , n}
into pairwise disjoint subset I1, . . . , Ih such that the following hold true: There are
non-trivial vectors γk = (γk1 , γ
k
2 ), k = 1, . . . , h, in Q
2 and rational numbers rj 6= 0, j =
1, . . . , n, such that
(a) If j ∈ Ik, then βj = rjγk;
(b) For k 6= l, the vectors γk and γl are linearly independent.
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Let us accordingly define the vectors Yk := (yj)j∈Ik ∈ RIk , k = 1, . . . , h.We may assume
(possibly after a permutation of coordinates) that y = (Y1, . . . , Yh). Following the first
step of the previous proof, we then decompose H(y) = H(0)+
∑h
k=1
tYk ·Hk(y), where
now Hk maps into R
Ik . Next, we put
hk(Yk) := Hk(0, . . . , 0, Yk, 0, . . . , 0) ∈ RIk ,
and apply Taylor’s formula in order to write
H(y) = H(0) +
h∑
k=1
tYk · hk(Yk) +
∑
k 6=l
tYk ·Hkl(y) · Yl,
where here Hkl is a matrix-valued function. Correspondingly, we define the func-
tion F0(t), Fk(t) and Fkl(t) as before, only with ykhk(yk) replaced by
tYk · hk(Yk) and
ykylHkl(y) by
tYk ·Hkl(y) · Yl, respectively.
The discussion of F0(t) remains unchanged, and the same applies essentially also to
the discussion of Fkl(t), because of property (b). Finally, for the estimation of Fk(t),
notice that for a given, fixed k, if j ∈ Ik, then by (a) we see that the arguments at which
tYk · hk is evaluated are all of the form 2rj(γk1m1+γk2m2)aj . Therefore, in the coordinates
given by α, j1, j2 from (14.2), they all will not depend on j1. We may therefore proceed
in the estimation of Fk(t) essentially as before, which concludes the proof of Lemma
8.1 also in the general case.
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